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Abstract
Let M be a IIN-factor and denote by t its normal faithful semi-ﬁnite trace. For any
rearrangement invariant Ko¨the function space X on ½0;þN½; let XðM; tÞ be the associated
non-commutative Banach function space. This paper is concerned with ideals in M of the form
IX ðM; tÞ ¼ M-X ðM; tÞ that are contained in LpðM; tÞ for some p40: It is proved that an
element T in IX ðM; tÞ is a ﬁnite sum of commutators of the form ½A; B with AAIX ðM; tÞ and
BAM if and only if the function t-1
t
R
jlj4ltðTÞ l dnT ðlÞ belongs to X ; where nT is the Brown
spectral measure of T and t-ltðTÞ is the non-increasing rearrangement of the function l-jlj
with respect to nT : This extends to general Banach function spaces a result obtained by Kalton
for quasi-Banach ideals of compact operators and implies that the Dixmier’s trace of a quasi-
nilpotent element in L1;NðM; tÞ is always zero.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries
1.1. Introduction
Let J1; J2 be two ideals of compact operators in a separable Hilbert space H and
denote by ½J1; J2 the linear span of the commutators ½A; B ¼ AB  BA where AAJ1
and BAJ2: It has been shown by Dykema et al. [9] that ½J1; J2 coincides with
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½I ; BðHÞ where I ¼ J1J2 and ½I ; BðHÞ denotes the linear span of the commutators
½A; B ¼ AB  BA with AAI and BABðHÞ: Recently, a complete characterization of
½I ; BðHÞ for large classes of two-sided ideals I of compact operators has been
achieved by Kalton [16]. For the Schatten class Cp ðpX1Þ; we have
½Cp; BðHÞ ¼
Cp if p41;
TAC1
PþN
n¼1
jl1ðTÞ þ l2ðTÞ þ?þ lnðTÞj
n
oN
  if p ¼ 1;
8<:
where ðl1ðTÞ; l2ðTÞ;yÞ is a listing of the non-zero eigenvalues of T in such a way
that jl1ðTÞjXjl2ðTÞjX?; each eigenvalue being repeated according to its algebraic
multiplicity. This result for p41 goes back to Pearcy and Topping [20] (see also [1]),
and Kalton [15] gave the spectral characterization of ½C1; BðHÞ: Recently, Dykema
et al. [9] proved that a self-adjoint element T in an ideal I of compact operators
belongs to ½I ; BðHÞ if and only if diagðs1ðTÞ; s2ðTÞ;yÞAI ; where snðTÞ ¼
l1ðTÞþl2ðTÞþ?þlnðTÞ
n
: By using this result, Kalton [16] obtained a complete spectral
characterization of ½I ; BðHÞ when I is a geometrically stable ideal of compact
operators. As a corollary, Dykema and Kalton [10] proved that if t is a trace on a
geometrically stable ideal I of compact operators and TAI ; then tðTÞ depends only
on the eigenvalues of T and their algebraic multiplicities. This fact is not obvious
when T is non-normal and may be viewed as a ‘‘renormalized’’ Lidskii’s trace
theorem (cf. [18]). It implies for instance, by using A. Connes Theorem 4 on the non-
commutative residue (cf. [4]):
Proposition. Let P be a classical pseudodifferential operator of order n on a closed
compact manifold M of dimension n, acting on the sections of a vector bundle E. For
any riemannian metric on M, we have
1
nð2pÞn
Z
M
Z
S	x
trðsPðx; xÞÞox
 !
dvolðxÞ ¼ lim
N-þN
1
lnðNÞ
XN
k¼1
lkðPÞ
 !
;
where sPðx; xÞ is the principal symbol of P of order n, ox is the Leray form of the
cosphere S	x ¼ fxAT	x M j jjxjj ¼ 1g and ðl1ðPÞ; l2ðPÞ;yÞ is a listing of all non-zero
eigenvalues of P acting on the L2-sections over M of the bundle E.
The Wodzicki residue Re sðPÞ ¼ 1
nð2pÞn
R
M
ðR
S	x
trðsPðx; xÞÞoxÞ dvolðxÞ is thus a
spectral quantity, a fact that agrees with A. Connes point of view about locality in
non-commutative geometry.
The aim of this paper if to extend the results of [9,16] to the non-commutative
Banach spaces X ðM; tÞ associated with a rearrangement invariant Ko¨the function
space X on ½0;þN½: Here, M is a IIN-factor with trace t and we set by deﬁnition
X ðM; tÞ ¼ fTA eM j ðt-mtðTÞÞAXg;
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where eM is the algebra of all t-measurable operators afﬁliated with M and t-mtðTÞ
is the non-increasing rearrangement of T with respect to t: The space X ðM; tÞ is
complete for the norm jjT jjX ðM;tÞ ¼ jjm:ðTÞjjX and IX ðM; tÞ ¼ XðM; tÞ-M is an
ideal in M: Examples of such non-commutative Banach spaces are the Lp-spaces
LpðM; tÞ ð1ppoþNÞ; the Lorentz spaces LprðM; tÞ ð1ppoþNÞ associated with
a weight r : 0;þN½-Rþ and the Marcinkiewicz spaces MprðM; tÞ ð1ppoþNÞ:
The Dixmier’s ideal L1;NðM; tÞ; which plays a role in the local index theorem for
elliptic operators along the leaves of a foliation (cf. [2]) is a particular example of
Marcinkiewicz space. Our main result is the following:
Theorem. Let X be a rearrangement invariant Ko¨the function space on ½0;þN½ that is
contained in Lpð½0;þN½; dtÞ for some p40: Let M be a IIN-factor acting on a
separable Hilbert space H and denote by t its normal faithful semi-finite trace. For any
element T in IX ðM; tÞ; the following conditions are equivalent:
(i) T is a finite sum of commutators of the form ½A; B ¼ AB  BA with AAIX ðM; tÞ
and BAM;
(ii) the measurable function tA0;þN½-1
t
R
jlj4ltðTÞ l dnTðlÞAC belongs to X ;
(iii) there exists T0AIX ðM; tÞ such that j1t
R
jlj4ltðTÞ l dnTðlÞjpmtðT0Þ for almost every
t40;
(iv) there exists T0AIX ðM; tÞ; T0X0; such that jSTðrÞjprNT0ðrÞ for any r40;
(v) there exists T0AIX ðM; tÞ; T0X0; such that jSTðrÞjpr lnðPT0 ðrÞ
r
NT0
ðrÞ Þ for any r40:
Moreover, if one of these conditions is satisfied, T is the sum of less than 14
commutators of the form ½A; B ¼ AB  BA with AAIX ðM; tÞ and BAM:
Here, nT is Brown’s t-spectral measure of T (cf. [3]) and t-ltðTÞ is the non-
increasing rearrangement of the function l-jlj with respect to nT : Thus, the
quantity
1
t
Z
jlj4ltðTÞ
l dnTðlÞ
stands for the mean value of the ‘‘t first spectral values’’ of T ; and the quantities
NTðrÞ ¼ nT ðsrðTÞÞ; ST ðrÞ ¼
Z
srðTÞ
l dnTðlÞ;
PTðrÞ ¼ exp
Z
srðTÞ
lnðjljÞ dnTðlÞ
 !
stand, respectively, for the ‘‘number’’, the ‘‘sum’’ and the ‘‘continuous product’’ of the
spectral values in srðTÞ ¼ flAsðTÞ j jljXrg:
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As a corollary, we get the following result about the spectrality of any Dixmier’s
trace to on L1;NðM; tÞ:
Proposition. Let M be a IIN factor with normal faithful semi-finite trace t and denote
by to a Dixmier’s trace on L1;NðM; tÞ: For any TAL1;NðM; tÞ such that 0 is isolated
in sðTÞ; we have toðTÞ ¼ 0: In particular, toðTÞ ¼ 0 for any element TAL1;NðM; tÞ
that is quasi-nilpotent or that has finite spectrum.
This paper is organized as follows. After some necessary preliminaries on non-
commutative Banach function spaces (Section 1), we give in Section 2 a spectral
characterization of self-adjoint sums of commutators (Theorem 1). Section 3
introduces the numbers NTðrÞ;ST ðrÞ;PTðrÞ and proves some of their elementary
properties. The main result of this section is Theorem 2, which provides the
following spectral estimates:
jRe STðrÞ  SReðTÞðrÞjpCstr ln
P2jT jðrÞ
rN2jT jðrÞ
 
;
jIm STðrÞ  SImðTÞðrÞjpCstr ln
P2jT jðrÞ
rN2jT jðrÞ
 
:
These estimates imply that TAIX ðM; tÞ satisﬁes property (v) of the main theorem if
and only if ReðTÞ and ImðTÞ satisfy this condition, a fact that allows reducing the
proof to the self-adjoint case. Section 4 is devoted to the proof of the main theorem
(Theorem 3) and of its consequence on the Dixmier’s trace of a quasi-nilpotent
element.
1.2. Type IIN-factors
Let M be a von Neumann algebra acting on a separable Hilbert space H: We
say that M is a factor if its center ZðMÞ ¼ M-M 0 reduces to the scalars. Factors
have been classiﬁed by Murray and von Neumann into types In ðn ¼
1; 2;y;þNÞ; II1; IIN and III : In this paper, we shall mainly be concerned with
IIN-factors. Recall that a type IIN-factor M has a normal faithful semi-ﬁnite
trace t (unique up to a constant) such that ftðEÞ j E ¼ E2 ¼ E	AMg ¼ ½0;þN:
For more information on IIN-factors, we refer to the Dixmier’s book [6]. Note that
we have:
Proposition 1. Let M be a IIN-factor acting on a separable Hilbert space, and t a
normal faithful semi-finite trace on M. There exists an increasing strongly continuous
function l-El from ½0;þN½ into the lattice of orthogonal projections in M satisfying
the following conditions:
(i) E0 ¼ 0 and El-I when l-þN;
(ii) tðElÞ ¼ l for any lX0:
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Proof. Note ﬁrst that any II1-factor N has an increasing strongly continuous family
ðQlÞ0plp1 of orthogonal projections such that t0ðQlÞ ¼ l for lA½0; 1; where t0
denotes the normalized trace of N: Indeed, by using [6, Corollaire 3, p. 219], we can
construct inductively an increasing family Qk2n of projections in N indexed by the
dyadic numbers k=2n of ½0; 1 ðn; kAZÞ such that t0ðQk2nÞ ¼ k2n: For any lA½0; 1;
set Ql ¼ Supk2npl Qk2n : We thus deﬁne an increasing family of projections
in N such that t0ðQlÞ ¼ l and which is strongly continuous by Dixmier [6, Lemma 1,
p. 270].
Let now M be a IIN-factor with normal faithful trace t: We may assume w.l.o.g.
that M ¼ N#BðH0Þ and t ¼ t0#Tr; where N is a II1-factor acting on a separable
Hilbert space with normalized trace t0; H0 is a separable inﬁnite dimensional
Hilbert space, and Tr the usual trace on BðH0Þ: Let ðe1; e2;yÞ be an orthonormal
basis for H0 and denote by Qn ðnX1Þ the orthogonal projection on Cen: The
projections Pn ¼ I#QnAM satisfy I ¼
P
nX1 Pn and tðPnÞ ¼ 1 for any nX1: Set
P0 ¼ 0: Since the reduced von Neumann algebra MPn is a II1-factor for nX1; there
exists an increasing strongly continuous family ðQnlÞ0plp1 of projections in M such
that Qn0 ¼ 0; Qn1 ¼ Pn and tðQnlÞ ¼ l: Set, for any lA½0;þN½:
El ¼
X
npl
Pn þ Q½lþ1l½l:
We thus deﬁne a strongly continuous function l-El from ½0;þN½ into the lattice of
orthogonal projections in M; which is obviously non-decreasing and satisﬁes
conditions (i) and (ii). &
1.3. Generalized s-numbers
Let M be a semi-ﬁnite von Neumann algebra acting on a separable Hilbert
space H and t a normal semi-ﬁnite trace on M: For any densely deﬁned closed
operator T in H; denote by T ¼ U jT j its polar decomposition. We say that
T is affiliated with M if the partial isometry U and the spectral projections
El ¼ 1N;lðjT jÞ ðlARÞ belong to M: A densely deﬁned closed operator T afﬁliated
with M is said to be t-measurable if there exists, for any e40; a projection EAM
such that EðHÞ is contained in DomðTÞ and tðI  EÞoþN: The set of all t-
measurable operators will be denoted by eM; it is a 	-algebra for the natural algebraic
operations on closed operators (see for instance [24]). For any TA eM; the
non-increasing rearrangement of T with respect to the trace t is the function
t-mtðTÞ deﬁned on Rþ by
mtðTÞ ¼ InffjjTEjj; E ¼ E2 ¼ E	AM and tðI  EÞptg:
This function may be viewed as the non-increasing rearrangement of the function
t-t on sðjT jÞ  f0g with respect to the spectral measure njT j of jT j deﬁned by
njT jð f Þ ¼ tð f ðjT jÞÞ; where f is any positive measurable function on sðjT jÞ  f0g:
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For more information on non-increasing rearrangements of operators, we refer to
[13]. An element TAM is called t-compact if it is the norm limit of a sequence
ðTnÞnX1 of elements in M such that tðSuppðT	n ÞÞoþN: The ideal of all t-compact
elements in M will be denoted by KtðMÞ: By Fack [11, Proposition 1.9, p. 315],
TAM is t-compact if and only if mtðTÞ t-þN! 0: For any TAKtðMÞ and t40 such
that mtðTÞ40; we have:
tð1mtðTÞ;þN½ðjT jÞÞ ¼mesfs40 j msðTÞ4mtðTÞgpt
pmesfs40 j msðTÞXmtðTÞg ¼ tð1½mtðTÞ;þN½ðjT jÞÞoþN
by Fack and Kosaki [13, Remark 3.3, p. 280]. If mtðTÞ ¼ 0; we have
tð1mtðTÞ;þN½ðjT jÞÞ ¼ tð10;þN½ðjT jÞÞptoþN
(cf. [13, Proposition 2.2, p. 274]).
1.4. Non-commutative Banach function spaces
Let X be a rearrangement invariant Ko¨the function space on ½0;þN½ (see [19,
p. 118] for the deﬁnition). For any inﬁnite semi-ﬁnite von Neumann algebra M
acting on a separable Hilbert space H and any normal faithful semi-ﬁnite trace
t on M; consider the non-commutative Banach function space XðM; tÞ ¼
fTA eM j ðt-mtðTÞÞAXg with the norm jjT jjXðM;tÞ ¼ jjm:ðTÞjjX : The completeness
of XðM; tÞ follows from [7, Theorem 4.5, p. 596]. Since we have
mtðATBÞpjjAjjjjBjjmtðTÞ for any t40; A; BAM and TA eM; the space IX ðM; tÞ ¼
XðM; tÞ-M is an ideal in M: Let us give examples of non-commutative Banach
function spaces XðM; tÞ:
Example 1. The Lp-spaces LpðM; tÞ ð1ppoþNÞ:
Example 2. The non-commutative Lorentz spaces LprðM; tÞ ð1ppoþNÞ asso-
ciated with a positive non-increasing continuous Lorentz weight r : 0;þN½-Rþ
satisfying the following conditions: limt-þN rðtÞ ¼ 0;
R 1
0 rðtÞ dtoþN andRþN
0 rðtÞ dt ¼ þN:
Denote by MðRþÞ the space of all complex measurable functions on Rþ
and by f 	 the non-increasing rearrangement of a positive fAMðRþÞ: Let X ¼
Lprð½0;þN½Þ be the rearrangement invariant Lorentz function space on ½0;þN½
deﬁned by
Lprð½0;þN½Þ ¼ fAMðRþÞ
Z þN
0
j f j	ðtÞprðtÞ dtoþN
 ;
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and equipped with the norm jj f jjp;r ¼ ð
RþN
0 j f j	ðtÞprðtÞ dtÞ1=p: We have
LprðM; tÞ ¼ TA eM Z þN
0
mtðTÞprðtÞ dtoþN
 ;
jjT jjp;r ¼
Z þN
0
mtðTÞprðtÞ dt
 1=p
:
For rðtÞ ¼ p
q
t
p
q
1 ð1ppoqÞ; we recover the non-commutative Banach function
spaces Lq;pðM; tÞ introduced by Kosaki [17]. For any TALprðM; tÞ; we have (see for
instance [21]) mtðTÞpjjT jjp;rð
R t
0
rðsÞ dsÞ
1
p for t40; so that IX ðM; tÞ ¼ X ðM; tÞ-M
(with X ¼ Lprð½0;þN½Þ) is contained in LrðM; tÞ if ð
R t
0 rðsÞ dsÞ
 r
p is integrable on
½1;þN½: For the Lq;pðM; tÞ-spaces ð0opoqÞ; this condition reduces to r4q:
Note that the ideal IX ðM; tÞ is always contained in KtðMÞ since we have
ðR t0 rðsÞ dsÞ 1p t-þN! 0 by hypothesis.
Example 3. The non-commutative Marcinkiewicz spaces MprðM; tÞ ð1ppoþNÞ
associated with a Lorentz weight r : 0;þN½-Rþ as above.
These spaces are deﬁned by
MprðM; tÞ ¼ TA eM (C40 such that Z t
0
msðTÞ dspC
Z t
0
rðsÞ ds
 1=p
( )
;
the norm is given by jjT jj	p;r ¼ Supt40
R t
0
msðTÞ ds
ð
R t
0
rðsÞ dsÞ1=p
 
: Note that M1rðM; tÞ is
isometrically isomorphic to the dual of L1rðM; tÞ: For rðtÞ ¼ 1tþ1; the Marcinkiewicz
space M1rðM; tÞ is called the Dixmier’s ideal and is denoted by L1;NðM; tÞ; it is
contained in M because the weight r is bounded. This non-commutative Banach
function space appears naturally in the measured index theory of elliptic operators
afﬁliated with von Neumann algebras such as uniformly elliptic almost periodic
pseudo-differential operators on Rn (cf. [22]) or leafwise elliptic pseudo-differential
operators on measured foliations (cf. [2]). For any TAMprðM; tÞ; we have
mtðTÞpjjT jj	p;r 1tð
R t
0 rðsÞ dsÞ
1
p if t40; so that IX ðM; tÞ ¼ XðM; tÞ-M is contained
in LrðM; tÞ if 1
tr
ðR t0 rðsÞ dsÞrp is integrable on ½1;þN½: For the Dixmier’s trace ideal
L1;NðM; tÞ; this condition is satisﬁed whenever r41: Note also that IX ðM; tÞ is
contained in KtðMÞ if ð
R t
0 rðsÞ dsÞ
1
p ¼ oðtÞ when t-þN: For more information on
these non-commutative Banach spaces, we refer to [7] where the duality theory is
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studied. A detailed study of the non-commutative Lorentz and Marcinkiewicz spaces
may also be found in [21].
Note ﬁnally that the non-commutative Banach function spaces X ðM; tÞ
considered here are geometrically stable. More precisely, we have:
Proposition 2. Let X be a rearrangement invariant Ko¨the function space on ½0;þN½
and M an infinite semi-finite von Neumann algebra with a normal faithful semi-
finite trace t: For any TAXðM; tÞ; the function tA½0;þN½-LtðTÞ1=t ¼
expð1
t
R t
0 lnðmsðTÞÞ dsÞARþ belongs to X.
Proof. By Calderon’s interpolation theorem, the operator Ds deﬁned for any s40 by
ðDs f ÞðtÞ ¼ f ðtsÞ maps continuously X into itself. Let us ﬁx r40 such that r4lnjjD2jjlnð2Þ :
Since we have jjD2k jjpjjD2jjk for any k ¼ 0; 1;y; the serie
PN
k¼0 2
rkD2kðm:ðTÞÞ ¼
fT converges in X and deﬁnes a positive non-increasing function fTAX :
Let t40 be ﬁxed. For any s40 such that t2k1pspt2k; we have
msðTÞpmt2k1ðTÞp2rðkþ1ÞfTðtÞpð2ts ÞrfTðtÞ; and hence msðTÞpð2ts ÞrfT ðtÞ for any s40
such that spt: Integrating this inequality, we get
exp
1
t
Z t
0
lnðmsðTÞÞ ds
 
perðlnð2Þþ1ÞfT ðtÞ for any t40;
and the result follows. &
1.5. Subharmonic functions
For the deﬁnition and elementary properties of subharmonic functions on the
complex plane, we refer to [14]. Note that a subharmonic function that is not
identically N is locally Lebesgue integrable, and the set of all points
zAC where f ðzÞ ¼ þN has empty interior. For any subharmonic function
f : U-½N;þN on a complex domain U that is not identically N; there
exists a unique Borel positive measure m on U such that we have, for any compact
subset K of U :
f ðzÞ ¼
Z
K
ln jz  uj dmðuÞ þ hðzÞ if zAK ;
where h is harmonic on intðKÞ (see for instance [14, Theorem 3.9, p. 104]). Finally,
note that the function f ðzÞ ¼ R
K
fxðzÞ dmðxÞ is subharmonic on a complex domain U
for any family ð fxÞxAK of subharmonic functions on U indexed by a compact set K
with a positive Radon measure m such that:
(i) ðx; zÞ-fxðzÞ is measurable on K  @Bða; rÞ for all Bða; rÞCU ;
(ii) x-fxðzÞ is m-integrable for all zAU :
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2. Spectral characterization of self-adjoint sums of commutators
2.1. Statement of the result
Let M be a IIN-factor acting on a separable Hilbert space and denote by t
its unique (up to a positive constant) normal faithful semi-ﬁnite trace. Consider
a rearrangement invariant Ko¨the function space X on ½0;þN½ such that
j f j	ðtÞ
t-þN! 0 for any fAX : Then, the elements of the ideal IX ðM; tÞ ¼
fTAM j m:ðTÞAXg of M are t-compact operators. In this section, we shall give
(Theorem 1) a spectral characterization of the self-adjoint elements in IX ðM; tÞ that
are ﬁnite sums of commutators of the form ½A; B ¼ AB  BA with AAIX ðM; tÞ and
BAM: To this end, we need to deﬁne for any self-adjoint element TAKtðMÞ a
function tA0;þN½-sTðtÞAR generalizing the sequence ð1n
Pn
k¼1 lkðTÞÞnX1; where
ðlnðTÞÞnX1 is a listing of the non-zero eigenvalues of the compact operator TABðHÞ;
counted according to algebraic multiplicity and arranged in such a way that
ðjlnðTÞjÞnX1 is decreasing.
2.1.1. Definition of sT
For any TAKtðMÞ; let us call interval of constancy of the function s-msðTÞ any
maximal interval where this function is constant. Since s-msðTÞ is continuous from
the right, an interval of constancy is either of the form ½a; b with aob (if maðTÞ40
and mðTÞ is continuous at b), or of the form ½a; b½ with aob (if maðTÞ40 and mðTÞ is
not continuous at b), or even of the form ½a;þN½ (if maðTÞ ¼ 0).
Deﬁnition 1. Let M be an inﬁnite semi-ﬁnite von Neumann algebra with a normal
faithful semi-ﬁnite trace t: For any self-adjoint t-compact element TAM and any
t40; let sTðtÞ be the real number deﬁned as follows:
sTðtÞ ¼ 1
t
tðT1½mtðTÞ;þN½ðjT jÞÞ ¼
1
t
tðT1mtðTÞ;þN½ðjT jÞÞ
if mtðTÞ40 and t is not contained in an interval of constancy of s-msðTÞ;
sTðtÞ ¼ 1
t
tðT1maðTÞ;þN½ðjT jÞÞ þ
t  a
b  a mtðTÞ½tð1fmtðTÞgðTÞ  1fmtðTÞgðTÞÞ
n o
if mtðTÞ40 and t belongs to an interval of constancy ½a; b½ or ½a; b ðaobÞ of
s-msðTÞ; and
sT ðtÞ ¼ tðTÞ
t
if mtðTÞ ¼ 0:
The quantity sT ðtÞ may be viewed as the ‘‘mean value of the t first spectral values of
T of largest modulus’’. This deﬁnition requires interpretation. If mtðTÞ40 and t is not
contained in an interval of constancy of s-msðTÞ; we have tð1½mtðTÞ;þN½ðjT jÞÞ ¼
tð1mtðTÞ;þN½ðjT jÞÞ ¼ t by Fack and Kosaki [13, Remark 3.3, p. 280]. It follows that
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the operator T1½mtðTÞ;þN½ðjT jÞ is trace-class, and sT ðtÞ is well deﬁned. If mtðTÞ40 and
t belongs to an interval ½a; b½ or ½a; b ðaoboþNÞ of constancy of s-msðTÞ; we
have tð1mtðTÞ;þN½ðjT jÞÞ ¼ a and tð1½maðTÞ;þN½ðjT jÞÞ ¼ b; so that the operator
T1mtðTÞ;þN½ðjT jÞ and the spectral projections 1fmaðTÞgðTÞ; 1fmaðTÞgðTÞ are trace-
class. It follows that sTðtÞ is well deﬁned in this case. Finally, if mtðTÞ ¼ 0 we have
msðTÞ ¼ 0 for sXt: In this case, T is trace-class and sTðtÞ is again well deﬁned. Note
that we have sT ðsÞ ¼ tðTÞs for sXt:
Remark. For any self-adjoint t-compact element TAM; we have:
1
t
tðT1mtðTÞ;þN½ðjT jÞÞ
 pjsTðtÞj þ mtðTÞ
and
jsTðtÞjp 1
t
tðT1mtðTÞ;þN½ðjT jÞÞ
 þ mtðTÞ:
These inequalities are obvious if mtðTÞ40 and t is not contained in an interval
of constancy of s-msðTÞ: If mtðTÞ40 and t belongs to an interval ½a; b½ or
½a; b ðaoboþNÞ of constancy of s-msðTÞ; we have
t  a
b  a maðTÞ½tð1fmaðTÞgðTÞ  1fmaðTÞgðTÞÞ
 p t  a
b  a mtðTÞtð1fmaðTÞgðjT jÞÞ
p ðt  aÞmtðTÞ;
and hence j1
t
tðT1mtðTÞ;þN½ðjT jÞÞjpjsT ðtÞj þ tat mtðTÞpjsTðtÞj þ mtðTÞ: In the
same way, we get jsTðtÞjpj1t tðT1mtðTÞ;þN½ðjT jÞÞj þ mtðTÞ: Finally, if mtðTÞ ¼ 0
we have
sTðtÞ ¼ 1
t
tðT1½0;þN½ðjT jÞÞ ¼ 1
t
tðT10;þN½ðjT jÞÞ;
and the above inequalities are true.
2.1.2. The main result
Theorem 1. Let X be a rearrangement invariant Ko¨the function space on ½0;þN½ such
that j f j	ðtÞ
t-þN! 0 for any fAX : Let M be a IIN-factor acting on a separable Hilbert
space H and denote by t its normal faithful semi-finite trace. For any self-adjoint
element T in IX ðM; tÞ; the following conditions are equivalent:
(i) T is a finite sum of commutators of the form ½A; B ¼ AB  BA with AAIX ðM; tÞ
and BAM:
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(ii) The measurable function tA0;þN½-sTðtÞAR belongs to X :
(iii) The measurable function tA0;þN½-1
t
tð1mtðTÞ;þN½ðjT jÞTÞAR belongs to X :
Moreover, if one of these conditions is satisfied, T is the sum of less than 7
commutators of the form ½A; B ¼ AB  BA with AAIX ðM; tÞ and BAM:
The proof of ðiÞ ) ðiiiÞ ) ðiiÞ is straightforward and works in any semi-ﬁnite von
Neumann algebra M: The proof of (ii)) (i) is based on a result of [12] describing the
kernel of the trace in a ﬁnite factor.
2.2. Proof of theorem 1
2.2.1. Proof of ðiÞ ) ðiiiÞ ) ðiiÞ
(i) ) (iii): Let T be a self-adjoint element in IX ðM; tÞ and assume the existence
of elements A1; A2;y; An in IX ðM; tÞ and B1; B2;y; Bn in M such that T ¼Pn
i¼1½Ai; Bi: To prove (iii), it sufﬁces to show that
tð1mtðTÞ;þN½ðjT jÞTÞ
t
 p2nmtðTÞ þ 2ð2n þ 1Þ Xn
i¼1
jjBijjmtðAiÞ for any t40: ð2:1Þ
Let us set s0T ðtÞ ¼ tð1mtðTÞ;þN½ðjT jÞTÞt : By Fack and Kosaki [13, Proposition 2.2, p. 274],
the spectral projection Et ¼ 1½0;mtðTÞðjT jÞ satisﬁes tðI  EtÞpt: For i ¼ 1; 2;y; n;
denote by Eit (resp. F
i
t ) the spectral projection of EtjAij2Et (resp. of EtjA	i j2Et)
corresponding to the interval ½0; mEtt ðEtjAij2EtÞ (resp. ½0; mEtt ðEtjA	i j2EtÞ), where
mEtt ðxÞ is the t-th generalized s-number associated with the reduced trace
X-tðEtXEtÞ on EtMEt: By Fack and Kosaki [13] again, the subprojections Et 
Eit and Et  F it of Et satisfy tðEt  EitÞpt and tðEt  F it Þpt; so that the projection
Ft ¼ Sup1pipnfEt  Eit; Et  F itg satisﬁes tðFtÞp
Pn
i¼1tðEt  EitÞ þ tðEt  F it Þp2nt:
Set Pt ¼ I  Et þ Ft: From the relation tðPtTÞ ¼ tðT1mtðTÞ;þN½ðjT jÞÞ þ tðFtTÞ;
we get
js0TðtÞjp
tðFtTÞ
t
 þ tðPtTÞt
 : ð2:2Þ
Since Ft ¼ EtFt; we have jtðFtTÞj ¼ jtðFtTEtÞjpjjTEtjjtðFtÞ ¼ jjjT jEtjjtðFtÞp
mtðTÞtðFtÞp2ntmtðTÞ; and hence
tðFtTÞ
t
 p2nmtðTÞ: ð2:3Þ
On the other hand, we have
PtT ¼
Xn
i¼1
Pt½Ai; Bi ¼
Xn
i¼1
ð½PtAi; PtBi þ PtAiðI  PtÞBi  PtBiðI  PtÞAiÞ
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and hence, by cyclicity of the trace t:
jtðPtTÞj ¼
Xn
i¼1
tðPtAiðI  PtÞBiÞ  tðPtBiðI  PtÞAiÞ


p
Xn
i¼1
jtðPtAiðI  PtÞBiÞj þ jtðPtBiðI  PtÞAiÞj
p
Xn
i¼1
tðPtÞjjAiðI  PtÞjjjjBijj þ tðPtÞjjBijjjjA	i ðI  PtÞjj
p ð2n þ 1Þt
Xn
i¼1
jjBijjðjjAiðI  PtÞjj þ jjA	i ðI  PtÞjjÞ:
Since we have I  PtpEit; we get
jjAiðI  PtÞjj2 ¼ jjðI  PtÞjAij2ðI  PtÞjjpjjEitjAij2Eitjj ¼ jjEitEtjAij2EtEitjj
p mEtt ðEtjAij2EtÞpmtðjAij2Þ ¼ mtðAiÞ2;
and hence jjAiðI  PtÞjjpmtðAiÞ for i ¼ 1; 2;y; n: In the same way, we get
jjA	i ðI  PtÞjjpmtðA	i Þ ¼ mtðAiÞ for i ¼ 1; 2;y; n;
so that ﬁnally
jtðPtTÞjpð2n þ 1Þt
Xn
i¼1
2jjBijjmtðAiÞ: ð2:4Þ
From (2.2)–(2.4), we get js0TðtÞjp2nmtðTÞ þ 2ð2n þ 1Þ
Pn
i¼1jjBijjmtðAiÞ; and (2.1) is
proved.
ðiiiÞ ) ðiiÞ: Follows from the remark after Deﬁnition 1. &
2.2.2. Proof of ðiiÞ ) ðiÞ
The proof of ðiiÞ ) ðiÞ is based on several lemmas.
Lemma 1. Let M be a IIN-factor acting on a separable Hilbert space H and denote by
t its normal faithful semi-finite trace. For any self-adjoint t-compact element T in M;
there exists an increasing sequence ðPnÞnX0 of projections in M commuting with T such
that:
(i) tðPnÞ ¼ 2nþ1  1 for each nX0 ;
(ii) 1m
2nþ11ðTÞ;þN½ðjT jÞpPnp1½m2nþ11ðTÞ;þN½ðjT jÞ for each nX0:
In particular, SupnX0 EnXSuppðTÞ:
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Proof. Step 1: Let us prove that there exists, for any t40; a projection QtAM that
commutes with T and satisfies tðQtÞ ¼ t; 1mtðTÞ;þN½ðjT jÞpQtp1½mtðTÞ;þN½ðjT jÞ:
If mtðTÞ40; we have tð1mtðTÞ;þN½ðjT jÞÞptptð1½mtðTÞ;þN½ðjT jÞÞ by t-compactness of
T (cf. [13, Remark 3.3, p. 280]). Since M is non-atomic, there exists a projection
Q0tAM such that Q
0
tp1fmtðTÞgðjT jÞ and tðQ0tÞ ¼ t  tð1mtðTÞ;þN½ðjT jÞÞ: Set Qt ¼
Q0t þ 1mtðTÞ;þN½ðjT jÞ; we thus deﬁne a projection in M that commutes with T and
satisﬁes:
tðQtÞ ¼ t; 1mtðTÞ;þN½ðjT jÞpQtp1½mtðTÞ;þN½ðjT jÞ:
If mtðTÞ ¼ 0; we have tð1mtðTÞ;þN½ðjT jÞÞpt and tð1½mtðTÞ;þN½ðjT jÞÞ ¼ tðIÞ ¼ þN;
so that:
tð1fmtðTÞgðjT jÞÞ ¼ þN:
Since M is non-atomic, we can choose a projection Q0tAM satisfying
Q0tp1fmtðTÞgðjT jÞ and tðQ0tÞ ¼ t  tð1mtðTÞ;þN½ðjT jÞÞ; and the conclusion follows as
above.
Step 2: Construction of the sequence ðPnÞnX0
Set tn ¼ 2nþ1  1: Let us see by induction that it is possible to choose Pn ¼ Qtn so
that Pn1pPn for any nX1: The resulting sequence ðPnÞnX0 will have all the required
properties by step 1. Assume that P0; P1;y; Pn have been constructed. If
mtnþ1ðTÞomtnðTÞ; we have
Pnp1½mtn ðTÞ;þN½ðjT jÞp1mtnþ1 ðTÞ;þN½ðjT jÞpQtnþ1
for any choice of Qtnþ1 ; so that we may take Pnþ1 ¼ Qtnþ1 without any more precision.
If mtnþ1ðTÞ ¼ mtnðTÞ40; we may write by the induction hypothesis:
Pn ¼ Q0n þ 1mtn ðTÞ;þN½ðjT jÞ;
where Q0np1fmtn ðTÞgðjT jÞ is a projection in M such that tðQ0nÞ ¼ tn 
tð1mtn ðTÞ;þN½ðjT jÞÞ: Since we have
tðQ0nÞ þ tð1mtn ðTÞ;þN½ðjT jÞÞ þ tnþ1  tn ¼ tnþ1ptð1½mtnþ1 ðTÞ;þN½ðjT jÞÞ
¼ tð1fmtn ðTÞgðjT jÞÞ þ tð1mtn ðTÞ;þN½ðjT jÞÞ;
we get tðQ0nÞ þ tnþ1  tnptð1fmtn ðTÞgðjT jÞÞ: But M is non-atomic, so that there exists
a projection Q0nþ1AM with Q
0
npQ0nþ1p1fmtn ðTÞgðjT jÞ such that
tðQ0nþ1Þ ¼ tðQ0nÞ þ tnþ1  tn ¼ tnþ1  tð1mtn ðTÞ;þN½ðjT jÞÞ;
and the projection Pnþ1 ¼ Q0nþ1 þ 1mtnþ1 ðTÞ;þN½ðjT jÞXPn satisﬁes all the required
conditions. Finally, if mtnþ1ðTÞ ¼ mtnðTÞ ¼ 0; we have tð1fmtnþ1 ðTÞgðjT jÞÞ ¼
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tð1f0gðjT jÞÞ ¼ þN; and hence tð1f0gðjT jÞ  Q0nÞ ¼ þN: Since M is non-atomic,
there exists a projection Q0nþ1AM such that
Q0npQ0nþ1p1f0gðjT jÞ; tðQ0nþ1Þ ¼ tnþ1  tð10;þN½ðjT jÞÞ;
and we can choose a projection Pnþ1XPn satisfying all the required conditions. &
Lemma 2. Let X be a rearrangement invariant Ko¨the function space on ½0;þN½ such
that j f j	ðtÞ
t-þN! 0 for any fAX : Let M be a IIN-factor acting on a separable Hilbert
space H and denote by t its normal faithful semi-finite trace. Let T be a self-adjoint
element in IX ðM; tÞ such that the function tA0;þN½-sTðtÞAR belongs to X ; and
denote by ðPnÞnX0 an increasing sequence of projections in M satisfying the conditions
of Lemma 1. Set E0 ¼ P0; En ¼ Pn  Pn1 for nX1; and an ¼ tðEnTÞ2n ðnX0Þ: Then,
T 0 ¼PþNn¼0 anEnAM is a sum of two commutators of the form ½A; B ¼ AB  BA with
AAIX ðM; tÞ and BAM:
Proof. Since tðEnþ1Þ ¼ 2tðEnÞ ¼ 2nþ1 for nX0 and M is IIN-factor, we can
write Enþ1 ¼ E0nþ1 þ E00nþ1 where E0nþ1 and E00nþ1 are two orthogonal projections
in M such that tðE0nþ1Þ ¼ tðE00nþ1Þ ¼ 2n ¼ tðEnÞ: By the comparability theorem
(cf. [6, Proposition 13(iii), p. 236]), there exist partial isometries U 0n and U
00
n in M
such that:
U 0nU
0	
n ¼ E0nþ1; U
0	
n U
0
n ¼ En;
U 00n U
00	
n ¼ E00nþ1; U
00	
n U
00
n ¼ En:
(
Set
U1 ¼
PN
n¼0
snU
0
n; V1 ¼
PN
n¼0
U
0	
n ;
U2 ¼
PN
n¼0
snU
00
n ; V2 ¼
PN
n¼0
U
00	
n ;
8><>>:
where sn ¼  tðPnTÞ2nþ1 ðnX0Þ: Since ðsnÞnX0 is bounded and the support and range
projections of the U 0n’s (resp. of the U
00
n ’s) are pairwise disjoint, we thus deﬁne
elements Ui; Vi in M ði ¼ 1; 2Þ: By straightforward calculation, we get
½U1; V1 ¼
XþN
n¼0
sn U
0
n;
XN
k¼0
U
0	
k
" #
¼
XþN
n¼0
snðU 0nU
0	
n  U
0	
n U
0
nÞ ¼
XþN
n¼0
snðE0nþ1  EnÞ
and, in the same way:
½U2; V2 ¼
XþN
n¼0
snðE00nþ1  EnÞ;
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so that
½U1; V1 þ ½U2; V2 ¼
XþN
n¼0
snðEnþ1  2EnÞ ¼ 2s0E0 þ
XþN
n¼1
ðsn1  2snÞEn:
But 2s0 ¼ tðP0TÞ ¼ a0 and sn1  2sn ¼ tððPnPn1ÞTÞ2n ¼ tðEnTÞ2n ¼ an for nX1; so that
we get
½U1; V1 þ ½U2; V2 ¼
XþN
n¼0
anEn ¼ T 0:
To end up the proof, let us show that UiAIX ðM; tÞ for i ¼ 1; 2: To this goal, note
that we have
U	1U1 ¼
XþN
n¼0
jsnj2U 0	n U 0n ¼
XþN
n¼0
jsnj2En; and hence jU1j ¼
XþN
n¼0
jsnjEn:
Let t40 be ﬁxed and consider the integer nX0 such that 2n  1otp2nþ1  1: Since
tðPn1Þ ¼ 2n  1ot; we have mtðU1ÞpjjjU1jðI  Pn1Þjj ¼ SupkXnjskj: For any kXn;
the relation
1m
2kþ11ðTÞ;þN½ðjT jÞpPkp1½m2kþ11ðTÞ;þN½ðjT jÞ
implies that PkT ¼ PkT1½m
2kþ11ðTÞ;mtðTÞðjT jÞ þ T1mtðTÞ;þN½ðjT jÞ and hence
jtðPkTÞjp jtðPk1½m
2kþ11ðTÞ;mtðTÞðjT jÞTÞj þ jtð1mtðTÞ;þN½ðjT jÞTÞj
p jj1½m
2kþ11ðTÞ;mtðTÞðjT jÞT jjtðPkÞ þ jtð1mtðTÞ;þN½ðjT jÞTÞj
pmtðTÞtðPkÞ þ jtð1mtðTÞ;þN½ðjT jÞTÞj
¼ mtðTÞð2kþ1  1Þ þ jtð1mtðTÞ;þN½ðjT jÞTÞj:
It follows that
jskj ¼ jtðPkTÞj
2kþ1
pmtðTÞ
2kþ1  1
2kþ1
 
þ 1
2kþ1
jtð1mtðTÞ;þN½ðjT jÞTÞj
p mtðTÞ þ
1
t
jtð1mtðTÞ;þN½ðjT jÞTÞjpmtðTÞ þ jsTðtÞj þ mtðTÞ ¼ 2mtðTÞ þ jsTðtÞj;
a fact which implies that mtðU1ÞpSupkXnjskjp2mtðTÞ þ jsT ðtÞj for any t40:
Since the function tA0;þN½-sTðtÞAR belongs to X ; we get that
U1AIX ðM; tÞ: In the same way, we show that U2AIX ðM; tÞ and the proof is
complete. &
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Lemma 3. Let X be a rearrangement invariant Ko¨the function space on ½0;þN½ such
that j f j	ðtÞ
t-þN! 0 for any fAX : Let M be a IIN-factor acting on a separable Hilbert
space H and denote by t its normal faithful semi-finite trace. Let T be a self-adjoint
element in IX ðM; tÞ such that the function tA0;þN½-sTðtÞAR belongs to X, and
denote by ðPnÞnX0 an increasing sequence of projections in M satisfying the conditions
of Lemma 1. Set E0 ¼ P0; En ¼ Pn  Pn1 for nX1; and an ¼ tðEnTÞ2n ðnX0Þ: Then,
T 00 ¼PþNn¼0 EnðT  anIÞEnAM is a sum of five commutators of the form ½A; B ¼
AB  BA with AAIX ðM; tÞ and BAM:
Proof. For each nX0; set T 00n ¼ EnðT  anIÞEnAEnMEn: Since
an ¼ tðEnTEnÞ
2n
¼ tðEnTEnÞ
tðEnÞ ;
we get tðT 00n Þ ¼ 0: Moreover, we have
jjEnTEnjj ¼ jjEnjT jEnjj ¼ jjðPn  Pn1ÞjT jjjpm2n1ðTÞ
and
jjanEnjj ¼ janj ¼ jtðEnTÞj
2n
ptððPn  Pn1ÞjT jðPn  Pn1ÞÞ
2n
pm2n1ðTÞtðEnÞ
2n
¼ m2n1ðTÞ;
so that jjT 00n jjp2m2n1ðTÞp2jjT jj: Since EnMEn is a ﬁnite factor, there exists by Fack
de la Harpe [12, Lemme 2.2] elements Ain and B
i
n in EnMEn ð1pip5Þ such that
jjAinjjp12jjT 00n jjp24m2n1ðTÞp24jjT jj; jjBinjjp2 and T 00n ¼
X5
i¼1
½Ain; Bin:
Set Ai ¼PþNn¼0 Ain and Bi ¼PþNn¼0 Bin: Since the En’s are pairwise orthogonal
projections in M; we thus deﬁne bounded operators Ai; Bi in M ði ¼ 1; 2;y; 5Þ
which satisfy
T 00 ¼
XþN
n¼0
T 00n ¼
XþN
n¼0
X5
i¼1
½Ain; Bin ¼
X5
i¼1
½Ai; Bi:
To achieve the proof, it sufﬁces to show that AiAIX ðM; tÞ for i ¼ 1; 2;y; 5: To this
end, ﬁx tX1 and consider the integer nX1 such that 2n  1pto2nþ1  1: Since
tðPn1Þ ¼ 2n  1pt; we have:
mtðAiÞpjjjAijðI  Pn1Þjj ¼ Sup
kXn
jjAikjjp24m2n1ðTÞ;
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and we deduce from the obvious inequality t4o2n1  14o2n  1 that
mtðAtÞp24mt=4ðTÞ if tX1: It follows that mtðAiÞp24ðmt=4ðTÞ þ jjT jj1½0;1ðtÞÞ for any
t40; and since X is stable under the dilation operator D4 and contains all the
measurable compactly supported bounded functions, we get that t-mtðAiÞ belongs
to X : Consequently, AiAIX ðM; tÞ for i ¼ 1; 2;y; 5 and the proof of the lemma is
complete. &
End of the proof of ðiiÞ ) ðiÞ: Let T be a self-adjoint element in IX ðM; tÞ
such that the function tA0;þN½-sTðtÞAR belongs to X : By Lemma 1,
there exists an increasing sequence ðPnÞnX0 of projections in M commuting with T
such that
tðPnÞ ¼ 2nþ1  1 and 1m
2nþ11ðTÞ;þN½ðjT jÞpPnp1½m2nþ11ðTÞ;þN½ðjT jÞ:
Let ðEnÞnX0 and ðanÞnX0 be as in Lemma 2, and set EN ¼ I 
PþN
n¼0 En: Since
SuppðTÞpSupnX0 En; we have ENTEN ¼ 0 and hence T ¼
PþN
n¼0 EnTEn ¼ T 0 þ T 00;
where T 0 ¼PþNn¼0 anEn and T 00 ¼PþNn¼0 EnðT  anIÞEn: By Lemmas 2 and 3, we get
that T is the sum of (at least) seven commutators of the form ½A; B ¼ AB  BA with
AAIX ðM; tÞ and BAM: &
3. Some spectral inequalities
To extend Theorem 1 to non-self-adjoint elements T in IX ðM; tÞ; we shall
assume that TALpðM; tÞ for some p40 in order to use the Brown’s t-spectral
measure nT of T (see [3]). This t-spectral measure allows to deﬁne for any r40 the
‘‘number’’ NT ðrÞ (resp. the ‘‘sum’’ STðrÞ; the ‘‘continuous product’’ PTðrÞ) of all
spectral values in srðTÞ ¼ flAsðTÞ j jljXrg: These spectral quantities will be used in
the next section to extend Theorem 1 thanks to an estimate of ReSTðrÞ  SReðTÞðrÞ
which is the main result of this section. Let us ﬁrst recall some facts about t-spectral
measures.
3.1. Preliminaries on spectral measures
3.1.1. Spectral measure of a compact operator
Let H be a separable Hilbert space and denote by BðHÞ (resp. KðHÞ) the algebra
of all bounded operators acting on H (resp. the ideal of all compact operators on H).
Recall that the non-zero spectrum s	ðTÞ ¼ sðTÞ\f0g of TAKðHÞ coincides with the
set of all non-zero eigenvalues of T : The spectral measure of TAKðHÞ is the discrete
measure nT on s	ðTÞ deﬁned by nT ðflgÞ ¼ dim KerðT  lIÞ ðlAs	ðTÞÞ: We have
(cf. [8]):
(i) dnT	 ðlÞ ¼ dnTð%lÞ for any TAKðHÞ;
(ii) nST ¼ nTS for any TAKðHÞ and SABðHÞ;
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(iii) f	ðnTÞ ¼ nf ðTÞ for any TAKðHÞ and any complex function f which is
holomorphic in a neighborhood of sðTÞ,f0g and vanishes at 0.
3.1.2. Spectral measure of a trace-class operator
Let us denote by C1ðHÞ the space of all trace-class operators acting on H: The
spectral measure nT of TAC1ðHÞ is related to the function FðzÞ ¼ detðI  zTÞ;
where detðI þ TÞ denotes the Fredholm determinant of T deﬁned by detðI þ TÞ ¼PN
n¼0 TrðLnðTÞÞ (since T is trace-class, the serie converges absolutely by the
H. Weyl inequalities). More precisely, the spectral measure nT of TAC1ðHÞ
can be deﬁned from the subharmonic function z-ln detðjI  zT jÞ and the
H. Weyl inequalities (resp. the Lidskii theorem on the trace) follow
from the Poisson–Jensen formula (resp. from the Hadamard factorization of detðI 
zTÞÞ: Consider indeed the entire function FðzÞ ¼ detðI  zTÞ; which satisﬁes
lnjFðzÞj ¼ oðjzjÞ when jzj-þN and whose zeros are the inverses of the non-zero
eigenvalues l of T (the order of 1=l being exactly nTðflgÞ). SinceP
lAs	ðTÞ jljnTðflgÞpTrðjT jÞoN; we have
detðI  zTÞ ¼
Y
lAs	ðTÞ
ð1 zlÞnT ðflgÞ ð3:1Þ
thanks to Hadamard’s factorization theorem (see for instance [23]). By identifying
the coefﬁcients of z in the Taylor expansion of each side of (3.1), we get the Lidskii
theorem on the trace:
TrðTÞ ¼
X
lAs	ðTÞ
lnTðflgÞ ¼
Z
s	ðTÞ
l dnTðlÞ
 !
:
It also follows from (3.1) that z-ln jdetðI  zTÞj ¼ ln detðjI  zT jÞ is a subharmo-
nic function that satisﬁes (in the distribution sense)
r2ðln detðjI  zT jÞÞ ¼ 2p
X
lAs	ðTÞ
nTðflgÞd1=l;
where r2 ¼ @2
@x2
þ @2
@y2
: We thus have for any TAC1ðHÞ;
dnTðlÞ ¼ dsTðl1Þ;
where
dsT ¼ 1
2p
r2ðln detðjI  zT jÞÞ ¼ 1
2p
@2
@x2
þ @
2
@y2
 
ðln detðjI  zT jÞÞ
is the Riesz measure of the subharmonic function z-ln detðjI  zT jÞ: The H. Weyl
inequalities can be recovered from the subharmonicity of z-ln detðjI  zT jÞ as
follows. Let ðlnðTÞÞnX1 be a listing of the non-zero eigenvalues of TAC1ðHÞ
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repeated according to algebraic multiplicity in such a way that ðjlnðTÞjÞnX1 is non-
increasing. From the Poisson–Jensen formula and the inequality detðjI þ
T jÞpdetðI þ jT jÞ; we get
X
jlnðTÞjX1=r
lnðrjlnðTÞjÞ ¼ 1
2p
Z 2p
0
ln detðjI  reiyT jÞ dypln detðI þ rjT jÞ
¼
XN
n¼1
lnð1þ rcnðTÞÞ;
where the cnðTÞ are the characteristic numbers of T : Applying this relation with Tk
and rk ðkX1Þ; we get
X
jlnðTÞjX1=r
lnðrjlnðTÞjÞ ¼ 1
k
X
jlnðTÞjX1=r
lnðrkjlnðTÞjkÞp1
k
XN
n¼1
lnð1þ rkcnðTÞkÞ:
But we have lnð1þ rkcnðTÞkÞplnð2Þ þ k lnðrcnðTÞÞ for all nX1 such that
cnðTÞX1=r; and henceX
jlnðTÞjX1=r
lnðrjlnðTÞjÞp
X
cnðTÞX1=r
lnðrcnðTÞÞ þ 1
k
Oð1Þ:
The classical H. Weyl inequalities
PN
n¼1 lnþðjlnðTÞjÞp
PN
n¼1 lnþðcnðTÞÞ follow by
letting k-þN and taking r ¼ 1:
3.1.3. Regularized determinants
For any p with 0opoþN; denote by CpðHÞ the Schatten p-class of all p-
summable bounded operators on H: It turns out that the Fredholm determinant
detðI  TÞ can be regularized so that it extends from C1ðHÞ to CpðHÞ: Indeed, set for
any TACpðHÞ and any integer kXp:
detkðI  TÞ ¼ detðRkðTÞÞ;
where RkðzÞ ¼ ð1 zÞexp z þ z
2
2
þ?þ z
k1
k  1
 
ðzACÞ
denotes the k-th elementary Weierstrass factor. Since we have RkðTÞ ¼ I þ Tkf ðTÞ
where f is an entire function, the operator Sk ¼ I  RkðTÞ is trace-class and the
regularized determinant detkðI  TÞ ¼ detðI  SkÞ makes sense. If k ¼ 1; we
obviously get det1ðI  TÞ ¼ detðI  TÞ: For any TACpðHÞ and kXp; we have
(cf. [8, Chapter XI, Section 9, pp. 1106–1114]):
detkþ1ðI  TÞ ¼ exp TrðT
kÞ
k
 
detkðI  TÞ;
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and the zeros of the function detkðI  zTÞ are the inverses 1=l of the non-zero
eigenvalues l of T ; the order of 1=l being exactly nTðflgÞ: We still have a
factorization:
detkðI  zTÞ ¼
Y
lAs	ðTÞ
ð1 zlÞexp lz þ ðlzÞ
2
2
þ?þ ðlzÞ
k1
k  1
 !" #nT ðflgÞ
; ð3:2Þ
but the multiplicativity of the Fredholm determinant is lost. Since jdetðRkðzTÞÞj ¼
detðjRkðzTÞjÞ for any TACpðHÞ; it easily follows from (3.2) that dnTðlÞ ¼ dsTðl1Þ;
where
dsT ¼ 1
2p
r2ðln detðjRkðzTÞjÞÞ ¼ 1
2p
@2
@x2
þ @
2
@y2
 
ðln detðjRkðzTÞjÞÞ
is the Riesz measure of the subharmonic function z-lnðdetðjRkðzTÞjÞÞ (k integer
with ppk). Moreover, as in the case p ¼ 1; we may recover the H. Weyl inequalities
and the Lidskii theorem from the Poisson–Jensen formula and the Hadamard
factorization of detkðI  zTÞ:
3.1.4. The Brown spectral measure
Let again M be a von Neumann algebra with a normal semi-ﬁnite trace t: For any
XAI þ LpðM; tÞ-M; we shall denote by DðXÞ ¼ expðtðlnjX jÞÞ the Fuglede–
Kadison determinant of X (which is zero if Ker Xaf0g or if lnjX jeL1ðM; tÞ).
Brown [3, Theorem 3.3] showed that if TALpðM; tÞ-M ð0opoNÞ; the function
z-ln DðRkðzTÞÞ is subharmonic on C for any integer kXp; a fact allowing deﬁning
the t-spectral measure nT of T by
dnTðlÞ ¼ dsTðl1Þ; where dsT ¼ 1
2p
@2
@x2
þ @
2
@y2
 
ðln DðRkðzTÞÞÞ:
This t-spectral measure does not depend on the choice of the integer kXp and is
supported by s	ðTÞ ¼ sðTÞ\f0g: It is the unique non-negative measure n on s	ðTÞ
which satisﬁes
ln DðRkðzTÞÞ ¼
Z
s	ðTÞ
lnðjRkðzuÞjÞ dnðuÞ;
and hence coincides for a normal TALpðM; tÞ-M with the usual spectral measure
deﬁned by nTðBÞ ¼ tð1BðTÞÞ (where B is a Borel subset of s	ðTÞ). The following
theorem summarizes the main properties of Brown’s t-spectral measure:
Theorem (Brown [3]). Let M be a von Neumann algebra with a normal faithful semi-
finite trace t: For any TALpðM; tÞ-M; we have:
(i) nf ðTÞ ¼ f	ðnTÞ for any function f which is holomorphic in a neighborhood of sðTÞ
and vanishes at 0;
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(ii)
R t
0 f ðlsðTÞÞ dsp
R t
0 f ðmsðTÞÞ ds for any t40 and any non-decreasing function
f : ½0;þN½-R such that f ðetÞ is convex and f ð0Þ ¼ 0; where s-lsðTÞ is the non-
increasing rearrangement of z-jzj with respect to nT ;
(iii) tð f ðTÞÞ ¼ Rs	ðTÞ f ðlÞ dnTðlÞ and ln DðI þ f ðTÞÞ ¼ Rs	ðTÞ lnðj1þ f ðlÞjÞ dnTðlÞ
for any function f which is holomorphic in a neighborhood of sðTÞ and vanishes to order
at least kXp at 0 (if 0AsðTÞ);
(iv) nTS ¼ nST if TS and ST belong to TALpðM; tÞ-M:
3.2. Subharmonicity of T-nTð f Þ
Let again M be a semi-ﬁnite von Neumann algebra acting on a separable
Hilbert space H; t a normal faithful semi-ﬁnite trace on M and
TALpðM; tÞ-M ð0opoNÞ: For any real continuous function f on C vanishing
on a neighborhood of the origin, the number nTð f Þ ¼
R
s	ðTÞ f ðlÞ dnTðlÞAC is well
deﬁned and satisﬁes
jnT ð f Þjp Sup
lAs	ðTÞ
j f ðlÞj
 !
nT ðsuppð f ÞÞ:
The following result will be used in Section 3.4:
Proposition 3. Let M be a semi-finite von Neumann algebra acting on a separable
Hilbert space H, t a normal faithful semi-finite trace on M and
T ; SALpðM; tÞ-M ð0opoþNÞ: For any continuous subharmonic function
f :C-R vanishing on a neighborhood of the origin, the map zAC-nTþzSð f Þ ¼R
s	ðTþzSÞ f ðlÞ dnTþzSðlÞAR is subharmonic.
Proof. Set FðzÞ ¼ nTþzSð f Þ and KðzÞ ¼ s	ðT þ zSÞ-Suppð f Þ: To prove the
proposition, it sufﬁces to show that F is subharmonic on any open disk Dð0; rÞ ¼
fzAC j jzjorg: Fix r40: Since f vanishes on a neighborhood of the origin, there
exists two real numbers a and b with 0oaob such that:
(i) The interior of the corona Ca;b ¼ flAC j apjljpbg contains KðzÞ for any
zADð0; rÞ;
(ii) f ðlÞ ¼ 0 if jljpa:
We thus may write, for jzjor:
FðzÞ ¼
Z
Ca;b
f ðlÞ dnTþzSðlÞ:
By Poincare’s ‘‘sweeping’’ trick (see for instance [5, Proposition 12.4, p. 362]), we
know that there exists for any R4b a subharmonic function g which coincides with
f inside the disk jljpb and such that gðlÞ ¼ Cst þ lnðjljÞ for jljXR: Since FðzÞ
only depends, for jzjor; on the restriction f jCa;b; we may assume w.l.o.g. that
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f is harmonic outside the corona Ca;2b ¼ flAC j apjljp2bg and satisﬁes
maxð f ðlÞ; 0Þ ¼ oðjljnÞ as jlj-þN for any integer nX1: Let ds be the Riesz
measure of f and set K ¼ fuAC j 1
2bpjujp1ag: Since f is harmonic outside Ca;2b; the
measure dnðuÞ ¼ dsðu1Þ is supported by K and we can write (see for instance
[3, Proposition 2.2]):
f ðlÞ ¼
Z
K
lnðjRkðluÞjÞ dnðuÞ; ð3:3Þ
where k is any ﬁxed integerXp: But the integrand in (3.3) ispCstjlujk thanks to the
usual estimate of the k-th elementary Weierstrass factor, so that we get for any
zADð0; rÞ by Fubini’s theorem:
FðzÞ ¼
Z
Ca;b
Z
K
lnðjRkðluÞjÞ dnðuÞ
 
dnTþzSðlÞ
¼
Z
K
Z
Ca;b
lnðjRkðluÞjÞ dnTþzSðlÞ
 !
dnðuÞ
¼
Z
K
tðlnðjRkðuT þ zuSÞjÞÞ dnðuÞ
¼
Z
K
ln DðRkðuT þ zuSÞÞ dnðuÞ:
Since the function z-ln DðRkðuT þ zuSÞÞ is subharmonic (cf. [3, Theorem 3.3]), the
proposition follows. &
3.3. The numbers NT ðrÞ; STðrÞ and PTðrÞ
3.3.1. Definition of the spectral numbers NTðrÞ; STðrÞ; PTðrÞ
Let M be a semi-ﬁnite von Neumann algebra acting on a separable Hilbert
space H and t a normal faithful semi-ﬁnite trace on M: For any
TALpðM; tÞ-M ð0opoNÞ and r40; consider the set srðTÞ ¼ flAsðTÞ j jljXrg
of all spectral values of T of modulus Xr and deﬁne
NT ðrÞ ¼ nTðsrðTÞÞ; STðrÞ ¼
Z
srðTÞ
l dnTðlÞ;
PTðrÞ ¼ exp
Z
srðTÞ
lnðjljÞ dnT ðlÞ
 !
;
where nT is the t-spectral measure of T (cf. 3.1.4). The spectral quantity NT ðrÞ (resp.
ST ðrÞ;PTðrÞ) stands for the ‘‘number’’ (resp. the ‘‘sum’’, the ‘‘continuous product’’) of
all spectral values in srðTÞ: If T is normal, we have NT ðrÞ ¼ tð1½r;þN½ðjT jÞÞ and
ST ðrÞ ¼ tðT1½r;þN½ðjT jÞÞ:
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3.3.2. Elementary properties of NTðrÞ; ST ðrÞ; PT ðrÞ
Let us collect some properties of the spectral quantities NTðrÞ;ST ðrÞ; and PTðrÞ:
Lemma 4. Let M be a semi-finite von Neumann algebra acting on a separable Hilbert
space H and t a normal faithful semi-finite trace on M. Let T ; SALpðM; tÞ-M where
0opoþN: For any r40; we have:
(i) NTðrÞ ¼ Nr1T ð1Þ;
(ii) 0pNTðrÞ ¼ NT	 ðrÞ ¼ NjT jðrÞ if T is normal;
(iii) NjTþSjðrÞpl1Njl1T jðrÞ þ ð1 lÞ1Njð1lÞ1SjðrÞ for any l such that 0olo1;
(iv) NReðTÞðrÞp4NjT jðrÞ and NImðTÞðrÞp4NjT jðrÞ:
Proof. (i) For any r40; we get by using [3, Theorem 4.1]:
NTðrÞ ¼
Z
sðTÞ
1fjljXrgðlÞ dnTðlÞ ¼
Z
sðTÞ
1fjljX1gðr1lÞ dnTðlÞ
¼
Z
sðr1TÞ
1fjljX1gðl0Þ dnr1Tðl0Þ ¼ Nr1Tð1Þ:
(ii) If T is normal, we have NTðrÞ ¼ tð1½r;þN½ðjT jÞÞ ¼ NjT jðrÞX0: Denote by m the
Lebesgue measure on R: By Fack and Kosaki [13, Remark 3.3, p. 280, and Lemma
2.5, p. 276], we get
NT ðrÞ ¼ tð1½r;þN½ðjT jÞÞ ¼ mðftX0 j mtðTÞXrgÞ ¼ mðftX0 j mtðT	ÞXrgÞ ¼ NT	 ðrÞ;
and (ii) is proved.
(iii) Since we have mtðT þ SÞpmltðTÞ þ mð1lÞtðTÞ for any lA0; 1½ [13, Lemma 2.5,
p. 276], the set A ¼ ftX0 j mtðT þ SÞXrg is contained for any r40 into
the union:
fl1t j tX0 and mtðTÞXlrg,fð1 lÞ1t j tX0 and mtðSÞXð1 lÞrg:
It follows that
NjTþSjðrÞ ¼mðAÞpmðfl1t j tX0 and mtðTÞXlrgÞ
þ mðfð1 lÞ1t j tX0 and mtðSÞXð1 lÞrgÞ
¼mðfl1t j tX0 and mtðl1TÞXrgÞ
þ mðfð1 lÞ1t j tX0 and mtðð1 lÞ1SÞXrgÞ
¼ l1Njl1T jðrÞ þ ð1 lÞ1Njð1lÞ1SjðrÞ:
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(iv) Since ReðTÞ is self-adjoint, we get by (ii):
NReðTÞðrÞ ¼ NjTþT	
2
jðrÞ for any r40;
and the ﬁrst inequality follows from (iii) with l ¼ 1=2: We deduce the second
inequality by changing T into iT : &
Lemma 5. Let M be a semi-finite von Neumann algebra acting on a separable
Hilbert space H and t a normal faithful semi-finite trace on M. For any
T ; SALpðM; tÞ-M ð0opoþNÞ and r40; we have:
(i) ST ðrÞ ¼ rSr1Tð1Þ;
(ii) jzSTðrÞ  SzT ðrÞjprNTðrÞ for any zAC such that jzjp1;
(iii) jSReðTÞðrÞ  Re ST ðrÞjprNTðrÞ if T is normal;
(iv) jST1ðrÞ þ?þ STnðrÞjpðn  1Þr½NT1ðrÞ þ?þ NTnðrÞ for any integer nX1 and
any finite sequence T1; T2;y; Tn of normal elements in LpðM; tÞ-M such that
T1 þ T2 þ?þ Tn ¼ 0:
Proof. (i) By Brown [3, Theorem 4.1], we get
STðrÞ ¼
Z
s	ðTÞ
l1fjljXrgðlÞ dnTðlÞ ¼ r
Z
s	ðr1TÞ
l1fjljX1gðlÞ dnr1T ðlÞ ¼ rSr1T ð1Þ:
(ii) We may assume w.l.o.g. that za0: For any r40; we have
jzST ðrÞ  SzT ðrÞ ¼ z
Z
jljXr
l dnTðlÞ 
Z
jljXr
l dnzT ðlÞ


¼ z
Z
jljXr
l dnTðlÞ  z
Z
jzljXr
l dnTðlÞ


¼ jzj
Z
rpjljorjzj1
l dnT ðlÞ

pr
Z
rpjlj
dnT ðlÞ ¼ rNT ðrÞ:
(iii) If T is normal, we have
jSReðTÞðrÞ  Re STðrÞj ¼ jtðReðTÞ1½r;þN½ðjReðTÞjÞÞ  Re tðT1½r;þN½ðjT jÞÞj
¼ jtðReðTÞ1fjReðlÞjXrgðTÞÞ  tðRe T1fjljXrgðTÞÞj
¼ jtðReðTÞ1fjReðlÞjorpjljgðTÞÞjprtð1frpjljgðTÞÞ ¼ rNTðrÞ;
and (iii) is proved.
(iv) We may assume w.l.o.g. that n41: Since each Ti is normal, we have
NTiðrÞ ¼ tðEiÞ and STiðrÞ ¼ tðTiEiÞ; where Ei ¼ 1fjljXrgðTiÞ: Let us set
ARTICLE IN PRESS
T. Fack / Journal of Functional Analysis 207 (2004) 358–398 381
E ¼ E13E23?3En; we get
Xn
i¼1
STiðrÞ

 ¼ Xn
i¼1
tðEiTiÞ

 ¼ Xn
i¼1
tðETiEÞ  tððE  EiÞTiðE  EiÞÞ


¼ t E
Xn
i¼1
Ti
 !
E
 !

Xn
i¼1
tððE  EiÞTiðE  EiÞÞ


¼
Xn
i¼1
tððE  EiÞTiðE  EiÞÞ

:
Since we have jjðE  EiÞTiðE  EiÞjjpr for i ¼ 1; 2;y; n; we ﬁnally get
Xn
i¼1
STiðrÞ

p rXn
i¼1
tðE  EiÞ ¼ r ntðEÞ 
Xn
i¼1
tðEiÞ
 !
pðn  1Þr
Xn
i¼1
tðEiÞ
¼ ðn  1Þr
Xn
i¼1
NTiðrÞ: &
Lemma 6. Let M be a semi-finite von Neumann algebra acting on a separable
Hilbert space H and t a normal faithful semi-finite trace on M. For any
TALpðM; tÞ-M ð0opoþNÞ and r40; we have
(i) PT ðrÞ ¼ rNT ðrÞPr1T ð1Þ;
(ii) 1pPT ðrÞ
rNT ðrÞp
PjT jðrÞ
r
NjT jðrÞp
PrjT jðrÞ
r
NrjT j ðrÞ for any rX1;
(iii) rNT ðrÞpPrjT jðrÞ
r
NrjT j ðrÞ for any rX1:
Proof. (i) Follows immediately from [3, Theorem 4.1].
(ii) For any r40; we have lnPTðrÞ  lnðrÞNTðrÞ ¼
R
jljX1 lnðjljÞ dnr1TðlÞX0
by (i), and hence 1pPT ðrÞ
rNT ðrÞ : Let t-ltðr1TÞ be the non-increasing rearrangement
of the positive function f ðlÞ ¼ jlj with respect to the measure nr1T on
s	ðr1TÞ: Since t-lnþðtÞ is continuous and vanishes at the origin, we haveR
jljX1 lnðjljÞ dnr1T ðlÞ ¼
RþN
0
lnþðltðr1TÞÞ dt: It follows from [3, Theorem 3.6] that
we have
lnðPTðrÞÞ  lnðrÞNTðrÞ ¼
Z þN
0
lnþðltðr1TÞÞ dtp
Z þN
0
lnþðmtðr1TÞÞ dt
¼ lnðPjT jðrÞÞ  lnðrÞNjT jðrÞ;
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and hence PT ðrÞ
rNT ðrÞp
PjT jðrÞ
r
NjT jðrÞ : To prove that
PjT jðrÞ
r
NjT j ðrÞp
PrjT jðrÞ
r
NrjT j ðrÞ for any rX1; we may assume by
(i) that r ¼ 1: In this case, we have
lnðPjT jð1ÞÞ ¼
Z
jljX1
lnðjljÞ dnjT jðlÞp
Z
jrljXr
lnðjrljÞ dnjT jðlÞ
¼
Z
jljXr
lnðjljÞ dnrjT jðlÞp
Z
jljX1
lnðjljÞ dnrjT jðlÞ ¼ lnðPrjT jð1ÞÞ;
and the result follows.
(iii) To prove (iii), we may and do assume by (i) and Lemma 4(i) that r ¼ 1:
But we have
lnðrÞNTð1Þ ¼
Z
jljX1
lnðrÞ dnTðlÞp
Z
jrljXr
lnðjrljÞ dnT ðlÞ
¼
Z
jljXr
lnðjljÞ dnrTðlÞp
Z
jljX1
lnðjljÞ dnrT ðlÞ
¼ lnðPrTð1ÞÞplnðPrjT jð1ÞÞ;
where the last inequality follows from assertion (ii). This proves (iii). &
3.4. A relation between Re STðrÞ and SReðTÞðrÞ
3.4.1. Regularization of STðrÞ
Let TALpðM; tÞ-M ð0opoþNÞ and ﬁx r40: Let j : R-R be a CN function
0pjp1; such that jðtÞ ¼ 0 if tp0 and jðtÞ ¼ 1 if tX1: For any r40; consider the
function cr : R-R deﬁned by crðtÞ ¼ jðlnðr1jtjÞÞ for any tAR: We thus deﬁne a
CN function crðtÞ which is equal to 0 if jtjpr and to 1 if jtjXre: The regularization
SregT ðrÞ of STðrÞ is deﬁned by
SregT ðrÞ ¼
Z
sðTÞ
lcrðjljÞ dnTðlÞ ðr40Þ;
where cr is the above smooth approximation of the cut-off function 1½r;þN½:
Lemma 7. Let M be a semi-finite von Neumann algebra acting on a separable Hilbert
space H and t be a normal faithful semi-finite trace on M:
(i) For any r40 and any TALpðM; tÞ-M ð0opoþNÞ; we have
jST ðrÞ  SregT ðrÞjperNT ðrÞ;
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(ii) There exists a superharmonic function h :C-R and a constant CX0
such that:
Re SregT ðrÞ  r
Z
s	ðTÞ
hðr1lÞ dnTðlÞ

pCr ln PjT jðrÞrNjT jðrÞ
 
for any r40 and any TALpðM; tÞ-M ð0opoþNÞ:
Proof. (i) Let TALpðM; tÞ-M: For any r40; we have
jSTðrÞ  SregT ðrÞj ¼
Z
rpjljoer
lð1 crðjljÞÞ dnTðlÞ


p er
Z
rpjlj
dnTðlÞ ¼ erNTðrÞ:
(ii) Let f :R-R be the unique C1 function which satisﬁes the differential
equation f 00ðtÞ ¼ etðjj00ðtÞj þ 2jj0ðtÞjÞ for tX0 and vanishes for tp0: This function is
convex increasing and linear for tX1; therefore, there exists a constant CX0
such that
j f ðtÞjpC maxðt; 0Þ for any tAR:
A direct computation shows that the C1 function h :C-R deﬁned by
hðzÞ ¼ f ðlnjzjÞ þ ReðzÞjðlnjzjÞ if za0; and f ð0Þ ¼ 0
satisﬁes r2hp0 and hence is superharmonic. Since we have for any lAC:
r1ReðlÞcrðjljÞ  hðr1lÞ ¼ f ðlnðr1jljÞÞ and j f ðlnðr1jljÞÞjpC lnþðr1jljÞ;
we get
Re SregT ðrÞ  r
Z
s	ðTÞ
hðr1lÞ dnT ðlÞ

 ¼
Z
s	ðTÞ
ðReðlÞcrðjljÞ  rhðr1lÞÞ dnTðlÞ


pCr
Z
rpjlj
lnðr1jljÞ dnTðlÞ ¼ Cr ln PTðrÞ
rNT ðrÞ
 
;
and the conclusion follows from Lemma 6(ii). &
3.4.2. An estimate for jRe STðrÞ  SReðTÞðrÞj
The following theorem is the main result of Section 3:
Theorem 2. Let M be a semi-finite von Neumann algebra acting on a separable Hilbert
space H and t be a normal faithful semi-finite trace on M. Let TALpðM; tÞ-M where
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0opoþN: There exists a constant CX0 such that we have, for any r40:
jReSTðrÞ  SReðTÞðrÞjpCr ln
P2jT jðrÞ
rN2jT jðrÞ
 
and jIm STðrÞ  SImðTÞðrÞjpCr ln
P2jT jðrÞ
rN2jT jðrÞ
 
:
Proof. Step 1: Let us show that we have, for any r40:
SReðTÞðrÞp2 Re
Z 2p
0
Sreg
TðyÞðrÞ
dy
2p
 
þ 184rNjT jðrÞ;
where TðyÞ ¼ 1
2
ðT þ eiyT	Þ ¼ 1þeiy
2
ReðTÞ þ i 1eiy
2
ImðTÞ ð0pyp2pÞ:
Set T1 ¼ TðyÞ; T2 ¼  1þeiy2 ReðTÞ; and T3 ¼ i 1e
iy
2
ImðTÞ: We thus deﬁne
normal operators in TALpðM; tÞ-M satisfying by Lemma 4(ii)–(iv):
NT1ðrÞ ¼NjT1jðrÞp4NjT jðrÞ;
NT2ðrÞp 4NjReðTÞjðrÞp16NjT jðrÞ;
NT3ðrÞp 4NjImðTÞjðrÞp16NjT jðrÞ:
By Lemma 5(iv), we get jSTðyÞðrÞ þ ST2ðrÞ þ ST3ðrÞjp72rNjT jðrÞ for any r40: Since
we have:
 1þ e
iy
2
  ¼ cos y2
  p1 and i 1 eiy2
  ¼ sin y2
  p1;
we get by Lemma 5(ii):
ST2ðrÞ þ
1þ eiy
2
SReðTÞðrÞ
 prNReðTÞðrÞp4rNjT jðrÞ
and
ST3ðrÞ þ i
1 eiy
2
SImðTÞðrÞ
 prNImðTÞðrÞp4rNjT jðrÞ:
It follows that
STðyÞ  1þ e
iy
2
SReðTÞðrÞ  i 1 e
iy
2
SImðTÞðrÞ
 p80rNjT jðrÞ for any r40:
Integrating this relation with respect to y and taking the real parts, we get
Re
Z 2p
0
STðyÞðrÞ
dy
2p
 
 1
2
SReðTÞðrÞ
 p80rNjT jðrÞ;
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and hence:
SReðTÞðrÞp2 Re
Z 2p
0
STðyÞðrÞ
dy
2p
 
þ 160rNjT jðrÞ:
Since NTðyÞðrÞ ¼ NjTðyÞjðrÞp4NjT jðrÞ; we have
jSTðyÞðrÞ  SregTðyÞðrÞjp4erNjT jðrÞp12rNjT jðrÞ
by Lemma 7(i), so that ﬁnally
SReðTÞðrÞp2 Re
Z 2p
0
Sreg
TðyÞðrÞ
dy
2p
 
þ 184rNjT jðrÞ:
This achieves step 1.
Step 2: There exists a constant KX0 such that we have, for any r40:
SReðTÞðrÞp2r
Z 2p
0
IrðTðyÞÞ dy
2p
 
þ 184rNjT jðrÞ þ Kr ln
PjT jðrÞ
rNjT jðrÞ
 
;
where IrðXÞ ¼
R
s	ðTÞ hðr1lÞ dnX ðlÞ ðXALpðM; tÞ-MÞ and h :C-R is the super-
harmonic function given by Lemma 7(ii).
By Lemma 7(ii), there exists a constant AX0 such that
jRe Sreg
TðyÞðrÞ  rIrðTðyÞÞjpAr ln
PjTðyÞjðrÞ
rNjTðyÞjðrÞ
 
for any r40:
By Lemma 6(i) and [13, Remark 3.3, p. 280], we have
ln
PjTðyÞjðrÞ
rNjTðyÞjðrÞ
 
¼ lnðPr1jTðyÞjð1ÞÞ ¼
Z
jljX1
lnðjljÞ dnr1jTðyÞjðlÞ
¼
Z
mtðr1TðyÞÞX1
lnðmtðr1TðyÞÞÞ dt:
Since mtðr1TðyÞÞpmt=2ðr1TÞ for any t40 (cf. [13, Lemma 2.5(v), p. 276]),
we get
ln
PjTðyÞjðrÞ
rNjTðyÞjðrÞ
 
p
Z
mt=2ðr1TÞX1
lnðmt=2ðr1TÞÞ dt ¼ 2
Z
msðr1TÞX1
lnðmsðr1TÞÞ ds
¼ 2
Z
jljX1
lnðjljÞ dnr1jT jðlÞ ¼ 2 lnðPr1jT jð1ÞÞ ¼ 2 ln
PjT jðrÞ
rNjT jðrÞ
 
;
and hence
jRe Sreg
TðyÞðrÞ  rIrðTðyÞÞjp2Ar ln
PjT jðrÞ
rNjT jðrÞ
 
:
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Integrating this relation with respect to y; we get
2
Z 2p
0
ReSreg
TðyÞðrÞ
dy
2p
 
 2r
Z 2p
0
IrðTðyÞÞ dy
2p
  pKr ln PjT jðrÞrNjT jðrÞ
 
;
where K ¼ 4A: From step 1, we deduce that:
SReðTÞðrÞp2r
Z 2p
0
IrðTðyÞÞ dy
2p
 
þ 184rNjT jðrÞ þ Kr ln
PjT jðrÞ
rNjT jðrÞ
 
;
and step 2 is achieved.
End of the proof: By Proposition 3, the function
z-2rIr
1
2
ðT þ zT	Þ
 
¼ 2r
Z
s	ð21ðTþzT	ÞÞ
hðr1lÞ dn21ðTþzT	ÞðlÞ
is superharmonic, and hence 2r
R 2p
0 IrðTðyÞÞ dy2pp2rIrðT2Þ: By Lemma 7(ii) and (i), we
deduce that
2r
Z 2p
0
IrðTðyÞÞ dy
2p
p 2 ReSreg
T=2ðrÞ þ 2Ar ln
PjT=2jðrÞ
rNjT=2jðrÞ
 
p 2 ReST=2ðrÞ þ 2erNT=2 þ Kr ln
PjT=2jðrÞ
rNjT=2jðrÞ
 
:
But we have j2 Re ST=2ðrÞ  Re STðrÞjp2rNTðrÞ by Lemma 5(ii), so that we get by
Step 2:
SReðTÞðrÞpReSTðrÞ þ 2rNT ðrÞ þ 6rNT=2ðrÞ þ Kr ln
PjT=2jðrÞ
rNjT=2jðrÞ
 
þ 184rNjT jðrÞ
þ Kr ln PjT jðrÞ
rNjT jðrÞ
 
:
By Lemmas 4(i) and 6(iii)–(ii), we have
NT=2ðrÞ ¼ NT ð2rÞpNT ðrÞp 1
lnð2Þ ln
P2jT jðrÞ
rN2jT jðrÞ
 
;
NjT jðrÞp 1
lnð2Þ ln
P2jT jðrÞ
rN2jT jðrÞ
 
;
ln
PjT jðrÞ
rNjT jðrÞ
 
pln P2jT jðrÞ
rN2jT jðrÞ
 
;
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so that we ﬁnally get the existence of a constant CX0 such that
SReðTÞðrÞpReSTðrÞ þ Cr ln
P2jT jðrÞ
rN2jT jðrÞ
 
:
By changing T into T ; we get jRe STðrÞ  SReðTÞðrÞjpCr ln P2jT jðrÞ
r
N2jT jðrÞ
 
; and by
changing T into iT in this last inequality, we get jIm STðrÞ  SImðTÞðrÞjp
Cr ln
P2jT jðrÞ
r
N2jT j ðrÞ
 
: The proof is thus complete. &
4. Spectral characterization of sums of commutators: the general case
4.1. The main result
4.1.1. Extending the definition of sT
Let M be a IIN-factor acting on a separable Hilbert space H and denote by t its
normal faithful semi-ﬁnite trace. Let TALpðM; tÞ-M ð0opoþNÞ and consider
the Brown’s spectral measure nT on s	ðTÞ: For any a40; set EðaÞ ¼
flAs	ðTÞ j jljXag: By Brown [3, Corollary 3.8(i)], we have apnTðEðaÞÞpR
EðaÞ jljp dnTðlÞp
R
s	ðTÞ jljp dnTðlÞpjjT jjppoþN; and hence nTðEðaÞÞoþN: It
follows that the function l-jlj on s	ðTÞ admits a non-increasing rearrangement
with respect to the Brown’s spectral measure nT : Let us denote by t-ltðTÞ this non-
increasing rearrangement; it is a bounded non-increasing right continuous function
that belongs to Lpð½0;þN½; dtÞ; since we have by Brown [3, Theorem 3.6]:Z þN
0
ltðTÞp dtp
Z þN
0
mtðTÞp dt ¼ jjT jjppoþN:
In fact, we have a little more:
Lemma 8. Let X be a rearrangement invariant Ko¨the function space on ½0;þN½ that is
contained in Lpð½0;þN½; dtÞ for some p40: Let M be a IIN-factor acting on a
separable Hilbert space H and denote by t its normal faithful semi-finite trace. Then,
for any element TAIX ðM; tÞ; the function t-ltðTÞ belongs to X :
Proof. Let us ﬁx t40: For any a40; we have by Brown [3, Theorem 3.6]:
ltðTÞap
Z t
0
lsðTÞa ds
t
p
Z t
0
msðTÞa
ds
t
:
Taking the power 1a and letting a-0
þ; we get
ltðTÞp lim
a-0þ
Z t
0
msðTÞa
ds
t
 1
a
¼ exp 1
t
Z t
0
lnðmsðTÞÞ ds
 
¼ LtðTÞ
1
t ;
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and since the function t-LtðTÞ
1
t belongs to X by Proposition 2, we get the
result. &
Since we have, for any TALpðM; tÞ-M ð0opoþNÞ:Z
s	ðTÞ
jlj dnTðlÞ ¼
Z þN
0
ltðTÞ dt andZ
jlj4a
jlj dnTðlÞ ¼
Z
ltðTÞ4a
ltðTÞ dt for any a40;
the following deﬁnition makes sense:
Deﬁnition 2. Let M be an inﬁnite semi-ﬁnite von Neumann algebra with a normal
faithful semi-ﬁnite trace t: For any TALpðM; tÞ-M and any t40; let sTðtÞ be the
complex number deﬁned as follows:
sTðtÞ ¼ 1
t
Z
jljXltðTÞ
l dnTðlÞ ¼ 1
t
Z
jlj4ltðTÞ
l dnT ðlÞ
if ltðTÞ40 and t is not contained in an interval of constancy of s-lsðTÞ;
sTðtÞ ¼ 1
t
Z
jlj4ltðTÞ
l dnT ðlÞ þ t  a
b  a
Z
jlj¼ltðTÞ
l dnTðlÞ
 !
if ltðTÞ40 and t belongs to an interval of constancy ½a; b½ or ½a; b ðaobÞ of
s-lsðTÞ; and
sTðtÞ ¼ 1
t
Z
s	ðTÞ
l dnT ðlÞ if ltðTÞ ¼ 0:
Remark. If T ¼ T	ALpðM; tÞ-M; this deﬁnition of sT coincides by Brown
[3, Remark 4.2] with the one given in Deﬁnition 1. Note also that we have, as in
the self-adjoint case:
sTðtÞ  1
t
Z
jlj4ltðTÞ
l dnTðlÞ

pltðTÞ;
where (Lemma 8) the function t-ltðTÞ belongs to X if TAIX ðM; tÞ:
4.1.2. Statement of the main result
The following result extends Theorem 1:
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Theorem 3. Let X be a rearrangement invariant Ko¨the function space on ½0;þN½ that
is contained in Lpð½0;þN½; dtÞ for some p40: Let M be a IIN-factor acting on a
separable Hilbert space H and denote by t its normal faithful semi-finite trace. For any
element T in IX ðM; tÞ; the following conditions are equivalent:
(i) T is a finite sum of commutators of the form ½A; B ¼ AB  BA with AAIX ðM; tÞ
and BAM;
(ii) the measurable function tA0;þN½-1
t
R
jlj4ltðTÞ l dnTðlÞAC belongs to X ;
(iii) the measurable function tA0;þN½-sTðtÞAC belongs to X ;
(iv) there exists T0AIX ðM; tÞ such that jsT ðtÞjpmtðT0Þ for almost every t40;
(v) there exists T0AIX ðM; tÞ; T0X0; such that jSTðrÞjprNT0ðrÞ for any r40;
(vi) there exists T0AIX ðM; tÞ; T0X0; such that jST ðrÞjpr ln PT0 ðrÞ
r
NT0
ðrÞ
 
for any r40:
Moreover, if one of these conditions is satisfied, T is the sum of less than 14
commutators of the form ½A; B ¼ AB  BA with AAIX ðM; tÞ and BAM:
For a self-adjoint T ; equivalence ðiÞ3ðiiÞ3ðiiiÞ is the content of Theorem 1.
Obviously, TAIX ðM; tÞ satisﬁes (i) if and only if ReðTÞ and ImðTÞ satisfy this
condition. However, it is not clear that TAIX ðM; tÞ satisﬁes (ii) if and only if both
ReðTÞ and ImðTÞ satisfy this condition so that we cannot use directly Theorem 1 to
prove ðiÞ3ðiiÞ by reduction to the self-adjoint case. The interest of conditions (iv),
(v) and (vi), that are reformulations of (ii), is to show that TAIX ðM; tÞ satisﬁes (ii) if
and only if ReðTÞ and ImðTÞ satisfy this condition. Before proving Theorem 3, let us
collect some technical lemmas.
4.1.3. Some technical lemmas
Lemma 9. Let M be a IIN-factor acting on a separable Hilbert space H and denote by
t its normal faithful semi-finite trace. For any positive bounded measurable function f
on ½0;þN½; there exists TAMþ such that mtðTÞ ¼ f 	ðtÞ for any t40; where f 	 denotes
the non-increasing rearrangement of f :
Proof. By Proposition 1, there exists an increasing strongly continuous function
l-El from ½0;þN½ into the lattice of orthogonal projections in M such that E0 ¼ 0;
El-I when l-þN and tðElÞ ¼ l for any lX0: Set T ¼
RþN
0
f 	ðlÞ dEl; we thus
deﬁne a positive element in M which satisﬁes, for any a40:
tð1a;þN½ðTÞÞ ¼ t
Z
flX0 j f 	ðlÞ4ag
dEl
 !
¼
Z
ftX0 j f 	ðtÞ4ag
dt
¼mesðftX0 j f 	ðtÞ4agÞ:
By Fack and Kosaki [13, Proposition 2.2, p. 274], we deduce that mtðTÞ ¼ f 	ðtÞ for
any t40: &
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Lemma 10. Let X be a rearrangement invariant Ko¨the function space on ½0;þN½ that
is contained in Lpð½0;þN½; dtÞ for some p40: Let M be a IIN-factor acting on a
separable Hilbert space H and denote by t its normal faithful semi-finite trace. For any
T1; T2;y; Tn in IX ðM; tÞ and C1; C2;y; Cn in Rþ; there exists TAIX ðM; tÞ such thatQn
i¼1
PTi ðrÞ
r
NTi
ðrÞ
 CipPT ðrÞ
rNT ðrÞ for any r40:
Proof. Since we have PSðrÞ
rNS ðrÞ
¼ Pr1Sð1Þ for any SAIX ðM; tÞ and r40 (cf. Lemma 6(i)),
we may assume w.l.o.g. that r ¼ 1: On the other hand, since we have
PSð1ÞCpPSð1Þ½Cþ1 for any CX0 and SAIX ðM; tÞ (because PSð1ÞX1Þ; it sufﬁces
to prove the existence, for any T1; T2 in IX ðM; tÞ; of an element TAIX ðM; tÞ such
that PT1ð1ÞPT2ð1ÞpPTð1Þ: Since M is a IIN-factor, there exists by Dixmier [6,
Corollaire 3, p. 219] two partial isometries U1 and U2 in M with U1U
	
1 ¼ I ; U2U	2 ¼
I ; such that the projections E1 ¼ U	1U1; E2 ¼ U	2U2 are orthogonal with sum I : Set
T ¼ S1 þ S2; where Si ¼ U	i TiUi ði ¼ 1; 2Þ: We thus deﬁne an element TAIX ðM; tÞ
that writes T ¼ S1 0
0 S2
 
in the orthogonal decomposition H ¼ E1ðHÞ"E2ðHÞ:
By Brown [3, Theorems 4.3 and 4.6], we get nT ¼ nS1 þ nS2 ¼ nT1 þ nT2 ; and
hence:
PT1ð1ÞPT2ð1Þ ¼ exp
Z
jljX1
lnðjljÞ dðnT1 þ nT2ÞðlÞ
 !
¼ exp
Z
jljX1
lnðjljÞ dnTðlÞ
 !
¼ PTð1Þ: &
4.1.4. Proof of Theorem 3
Let us denote by CX ðM; tÞ the linear span of commutators of the form ½A; B ¼
AB  BA with AAIX ðM; tÞ and BAM: We shall ﬁrst prove that we have ðiiÞ )
ðivÞ ) ðiiiÞ ) ðiiÞ and ðivÞ ) ðvÞ ) ðviÞ ) ðivÞ; so that properties (ii)–(vi) will be
equivalent. Then, by using Theorems 1 and 2, we shall prove that ðiÞ3ðviÞ:
ðiiÞ ) ðivÞ: Let TAIX ðM; tÞ such that sTAX : We claim that we have, for any t40:
jsT ðsÞjpjsT ðtÞj þ ltðTÞ for any sXt: ð4:1Þ
Case 1: lsðTÞ40 and s is not contained in an interval of constancy of x-lxðTÞ:
In this case, we have
jsTðsÞjp 1
s
Z
jljXltðTÞ
l dnTðlÞ

þ ltðTÞs
Z
jljXlsðTÞ
dnTðlÞ
p 1
t
Z
jljXltðTÞ
l dnTðlÞ

þ ltðTÞ ¼ jsTðtÞj þ ltðTÞ:
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Case 2: lsðTÞ40 and s belongs to an interval of constancy ½a; b½ or ½a; b ðaobÞ of
x-lxðTÞ:
In this case, we have
jsTðsÞj ¼ 1
s
Z
jlj4lsðTÞ
l dnTðlÞ þ s  a
b  a
Z
jlj¼lsðTÞ
l dnTðlÞ


p 1
s
Z
jlj4ltðTÞ
l dnT ðlÞ

þ ltðTÞas þ s  as ltðTÞ
p 1
t
Z
jlj4ltðTÞ
l dnT ðlÞ

þ ltðTÞ:
Case 3: lsðTÞ ¼ 0: In this case, we have nTðs	ðTÞÞps and hence
jsTðsÞj ¼ 1
s
Z
jljXltðTÞ
l dnTðlÞ þ
Z
0ojljpltðTÞ
l dnT ðlÞ


p 1
s
Z
jljXltðTÞ
l dnTðlÞ

þ ltðTÞs nTðs	ðTÞÞpjsTðtÞj þ ltðTÞ:
Formula (4.1) is thus proved. We deduce from (4.1) that the non-increasing function
f ðtÞ ¼ SupsXtjsTðsÞj satisﬁes f ðtÞpjsTðtÞj þ ltðTÞp2ltðTÞ þ j1t
R
jlj4ltðTÞ l dnT ðlÞj
for any t40; and hence belongs to X : By Lemma 9, there exists T0AIX ðM; tÞþ
such that f ðt þ 0Þ ¼ mtðT0Þ for any t40; and since we have jsTðtÞjpf ðtÞ ¼ f 	ðtÞ ¼
mtðT0Þ for almost every t40; we get (iv).
ðivÞ ) ðiiiÞ: The condition jsTðtÞjpmtðT0Þ for almost every t40 implies that
jsT j	ðtÞpmtðT0Þ for any t40; and hence that sTAX :
ðiiiÞ ) ðiiÞ: Follows immediately from the relation:
1
t
Z
jlj4ltðTÞ
l dnTðlÞ

pltðTÞ þ jsTðtÞj;
since the function t-ltðTÞ belongs to X by Lemma 8.
ðivÞ ) ðvÞ: We may assume w.l.o.g. that T0 is positive. By Lemmas 8 and 9, we
may assume in addition that ltðTÞomtðT0Þ and mtðT0Þ40 for any t40: Let us show
that we have, for any ﬁxed r40:
jST ðrÞjp3rNT0ðrÞ: ð4:2Þ
Case 1: mtðT0Þor for any tX0: In this case we have ltðTÞor for any t40 and
hence:
jST ðrÞjp
Z
ltðTÞXr
ltðTÞ dt ¼ 0p3rNT0ðrÞ:
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Case 2: There exists tX0 such that mtðT0ÞXr: Let us set in this case t0 ¼
SupftX0 j mtðT0ÞXrg: Since the function t-mtðT0Þ is right continuous, we have
mt0ðT0Þpr and hence lt0ðTÞor: It follows that
jST ðrÞj ¼
Z
jljXr
l dnT ðlÞ

p
Z
lt0 ðTÞojlj
l dnTðlÞ

þ
Z
lt0 ðTÞojljor
l dnTðlÞ


p t0ðsTðt0Þ þ lt0ðTÞÞ þ r
Z
lt0 ðTÞojlj
dnTðlÞ
p 2t0mt0ðT0Þ þ rt0p3rt0:
But NT0ðrÞ ¼ jftX0 j mtðT0ÞXrgj ¼ t0; so that we get jSTðrÞjp3rNT0ðrÞ: This proves
(4.2).
Since M is a IIN-factor, there exists by Dixmier [6, Corollaire 3, p. 219] three
partial isometries U1; U2 and U3 in M with UiU
	
i ¼ I ; such that the projections
Ei ¼ U	i Ui ði ¼ 1; 2; 3Þ are pairwise orthogonal with sum I : Set S0 ¼
P3
i¼1 U
	
i T0Ui
ði ¼ 1; 2Þ: We thus deﬁne a positive element S0AIX ðM; tÞ that can be written
S0 ¼
U	1T0U1 0
U	2T0U2
0 U	3T0U3
0@ 1A in the orthogonal decomposition H ¼
E1ðHÞ"E2ðHÞ"E3ðHÞ: We deduce that NS0ðrÞ ¼ 3NT0ðrÞ; and (v) follows
from (4.2).
ðvÞ ) ðviÞ: Follows from the relation NT0ðrÞpln PeT0 ðrÞ
r
NeT0
ðrÞ
 
for any r40 (cf. Lemma
6(iii)).
ðviÞ ) ðivÞ: Replacing T0 by jT j þ T0 if necessary, we may assume that
mtðTÞpmtðT0Þ for any tX0 since the function
S-ln
PSðrÞ
rNSðrÞ
 
¼ lnðPr1Sð1ÞÞ ¼
Z
jljX1
lnþðjljÞdnr1SðlÞ ¼
Z þN
0
lnþðr1mtðSÞÞ dt
is non-decreasing on Mþ-LpðM; tÞ: By Lemmas 8, 9 and Proposition 2, we may
assume in addition that ltðTÞomtðT0Þ and mtðT0Þ40 for any t40: Let us show that
we have, for any t40:
jsT ðtÞjp1
t
jST ðmtðT0ÞÞj þ mtðT0Þ: ð4:3Þ
Case 1: ltðTÞ40 and t is not contained in an interval of constancy of s-lsðTÞ:
In this case, we have
jsTðtÞj ¼ 1
t
Z
jljXltðTÞ
l dnTðlÞ

p1t
Z
jljXmtðT0Þ
l dnTðlÞ

þ mtðT0Þt
Z
jljXltðTÞ
dnTðlÞ
p 1
t
jST ðmtðT0ÞÞj þ mtðT0Þ:
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Case 2: ltðTÞ40 and t belongs to an interval of constancy ½a; b½ or ½a; b ðaobÞ of
s-lsðTÞ: In this case, we have
jsT ðtÞj ¼ 1
t
Z
jljXmtðT0Þ
l dnTðlÞ þ
Z
ltðTÞojljomtðT0Þ
l dnTðlÞ þ t  a
b  a
Z
jlj¼ltðTÞ
l dnTðlÞ


p 1
t
jSTðmtðT0ÞÞj þ
mtðT0Þ
t
Z
ltðTÞojlj
dnTðlÞ þ ltðTÞ
t
t  a
b  a
 Z
ltðTÞ¼jlj
dnTðlÞ
p 1
t
jSTðmtðT0ÞÞj þ
1
t
½mtðT0Þa þ mtðT0Þðt  aÞ ¼
1
t
jSTðmtðT0ÞÞj þ mtðT0Þ:
Case 3: ltðTÞ ¼ 0: In this case, we have nTðs	ðTÞÞpt and hence:
jsT ðtÞj ¼ 1
t
Z
jljXmtðT0Þ
l dnTðlÞ þ
Z
0ojljpmtðT0Þ
l dnTðlÞ


p 1
t
jSTðmtðT0ÞÞj þ
mtðT0Þ
t
nT ðs	ðTÞÞp1tjST ðmtðT0ÞÞj þ mtðT0Þ:
By Lemma 6(i) and the hypothesis, we get
1
t
jSTðmtðT0ÞÞjp
1
t
mtðT0ÞlnðPmtðT0Þ1T0ð1ÞÞ ¼
mtðT0Þ
t
Z þN
0
lnþðmtðT0Þ1msðT0ÞÞ ds
¼ mtðT0Þ
t
Z t
0
lnðmtðT0Þ1msðT0ÞÞ ds:
Since we have xpex for any xX0; we get
1
t
jSTðmtðT0ÞÞjpmtðT0Þexp
1
t
Z t
0
lnðmtðT0Þ1msðT0ÞÞ ds
 
¼ exp 1
t
Z t
0
lnðmsðT0ÞÞ ds
 
;
and hence by (4.3)
jsT ðtÞjpexp 1
t
Z t
0
lnðmsðT0ÞÞ ds
 
þ mtðT0Þ for any t40:
Since the function t-expð1
t
R t
0 lnðmsðT0ÞÞ dsÞ is non-increasing and belongs
to X by Proposition 2, there exists by Lemma 9 an element S0AIX ðM; tÞ
such that
exp
1
t
Z t
0
lnðmsðT0ÞÞ ds
 
þ mtðT0Þ ¼ mtðS0Þ for any t40;
and condition (iv) is proved.
(i) ) (vi): Let TACX ðM; tÞ: Since T1 ¼ ReðTÞ and T2 ¼ ImðTÞ are in CX ðM; tÞ;
they satisfy condition (ii) by Theorem 1. But we know that (ii) ) (vi) so that there
exist two positive operators S1; S2AIX ðM; tÞ; such that jSTiðrÞjpr ln PSi ðrÞ
r
NSi
ðrÞ
 
for any
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r40 and i ¼ 1; 2: By Theorem 2, there exists a constant C40 such that
jSTðrÞjp 2Cr ln
P2jT jðrÞ
rN2jT jðrÞ
 
þ jST1ðrÞj þ jST2ðrÞj
p 2Cr ln P2jT jðrÞ
rN2jT jðrÞ
 
þ r ln PS1ðrÞ
rNS1 ðrÞ
 
þ r ln PS2ðrÞ
rNS2 ðrÞ
 
;
and (vi) follows from Lemma 10.
(vi) ) (i): Assume that TAIX ðM; tÞ satisﬁes (vi). By Theorem 2 and
Lemma 10, the operators T1 ¼ ReðTÞ and T2 ¼ ImðTÞ also satisfy (vi). But we
know that (vi) ) (ii) so that the self-adjoint operators T1 ¼ ReðTÞ and T2 ¼ ImðTÞ
satisfy (ii) and hence (i) by Theorem 1. This implies that
T ¼ T1 þ iT2ACX ðM; tÞ: &
4.2. Application to Dixmier’s traces
4.2.1. Dixmier’s traces on Marcinkiewicz spaces
Let M be a IIN factor and denote by t its normal faithful semi-ﬁnite trace. For
any Lorentz weight r; consider the Marcinkiewicz space:
M1rðM; tÞ ¼ TA eM j (C40 such that Z t
0
msðTÞ dspC
Z t
0
rðsÞ ds
 
with the norm jjT jj	r ¼ Supt40
R t
0
msðTÞ dsR t
0
rðsÞ ds
 
: This non-commutative Banach space
identiﬁes with the dual of L1rðM; tÞ (cf. [21, Proposition 1.8, p. 22]). We shall
assume here that r is bounded and that ð1
t
R t
0
rðsÞ dsÞp is integrable on ½1;þN½ for
some p40; so that M1rðM; tÞCM-LpðM; tÞ: For rðtÞ ¼ 11þt; we recover the
Dixmier’s ideal:
L1;NðM; tÞ ¼ TAM j (C40 such that
Z t
0
msðTÞ dspC lnð1þ tÞ
 
which obviously contains M-L1ðM; tÞ and is contained in M-LpðM; tÞ for any
p41: The Dixmier’s ideal appears naturally in the index theory of elliptic operators
afﬁliated with von Neumann algebras such as uniformly elliptic almost periodic
pseudo-differential operators on Rn (cf. [22]) or leafwise elliptic pseudo-differential
operators on measured foliations [2]. To deﬁne a Dixmier’s trace on M1rðM; tÞ; we
need an averaging procedure LIMo i.e. a positive linear form f-LIMoð f ðtÞÞ on
LNR ð½0;þN½Þ satisfying
(i) lim inf esst-þN f ðtÞpLIMoð f ðtÞÞplim sup esst-þN f ðtÞ for any fALNR
ð½0;þN½Þ;
(ii) LIMoð f ðltÞÞ ¼ LIMoð f ðtÞÞ for any fALNR ð½0;þN½Þ and any l40:
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It is easy to show the existence of such averaging procedures (see for instance
[21, p. 27]). If the Lorentz weight r satisﬁes limt-þN
R t
0
rðsÞ dsR 2t
0
rðsÞ ds
 !
¼ 1; we can
associate to any averaging procedure LIMo a (non-normal) trace to on M1rðM; tÞ by
setting
toðTÞ ¼ LIMo 1R t
0
rðsÞ ds
Z t
0
msðTÞ ds
 !
if T is a positive element in M1rðM; tÞ:
For a general TAM1rðM; tÞ; set
toðTÞ ¼ toðReðTÞþÞ  toðReðTÞÞ þ itoðImðTÞþÞ  itoðImðTÞÞ:
We thus get a continuous positive linear form to : M1rðM; tÞ-C satisfying
toðTSÞ ¼ toðSTÞ for any TAM1rðM; tÞ and SAM:
Let us call such a linear form to a Dixmier’s trace on M1rðM; tÞ: The Dixmier’s traces
appear naturally in non-commutative geometry. For instance, we have:
Proposition (Benameur and Fack [2]). Let ðM; F ;LÞ be a measured p-dimensional
foliation on a smooth compact manifold M without boundary. For any riemannian
metric on M and any smooth hermitian complex vector bundle E on M, denote by
t ¼ tL;E the normal semi-finite trace on the von Neumann algebra N ¼
W 	ðM; F ;L; EndðEÞÞ associated with ðM; F ;LÞ and E. Let P be a leafwise
pseudodifferential operator of order p acting on the sections of E, with principal
symbol spðPÞðx; xÞ of order p: Then, we have:
(i) P defines an element in the Dixmier’s ideal L1;NðN; tÞ;
(ii) the Dixmier’s trace of P is given by toðPÞ ¼
R
M=F Re sLðPÞ dLðLÞ; where
Re sLðPÞ is the one-density on the leaf manifold defined by
Re sLðPÞx ¼ dvolLðxÞpð2pÞp
Z
jxj¼1
trEðspðPÞðx; xÞÞ djxj:
The Dixmier’s trace to is thus strongly related to the foliated Wodzicki residue.
4.2.2. Spectrality of the Dixmier’s traces
The Dixmier’s trace toðTÞ of a positive TAM1rðM; tÞ is obviously determined by
the t-spectral measure of T : The following proposition extends this result to non-
self-adjoint elements in M1rðM; tÞ:
Proposition 4. Let M be a IIN factor, r a bounded Lorentz weight on 0;þN½
such that ð1
t
R t
0
rðsÞ dsÞp is integrable on ½1;þN½ for some p40: Assume that
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limt-þN
R t
0
rðsÞ dsR 2t
0
rðsÞ ds
 !
¼ 1 and denote by to a Dixmier’s trace on M1rðM; tÞ: For any
TAM1rðM; tÞ such that 0 is isolated in sðTÞ; we have toðTÞ ¼ 0: In particular,
toðTÞ ¼ 0 for any element TAM1rðM; tÞ which is quasi-nilpotent or with finite
spectrum.
Proof. Let TAM1rðM; tÞ such that 0 is isolated in sðTÞ: Let D ¼ fzAC j jzjpeg be a
disk such that sðTÞ-D ¼ f0g; and consider the Riesz idempotent:
P0 ¼  1
2ip
Z
@D
ðT  zIÞ1 dzAM:
Let PAM be the self-adjoint projection with same range as P0: We have T ¼ N þ R;
where N ¼ PTPAMP satisﬁes sðNÞ ¼ f0g and R ¼ ðI  PÞTðI  PÞAMIP
is invertible in the reduced von Neumann algebra MIP: Since
TAM1rðM; tÞCM-LpðM; tÞ is t-compact, we have R ¼ ðI  PÞTðI  PÞA
KtIPðMIPÞ: But R is invertible in MIP so that tðI  PÞoþN: This implies that
RAM-L1ðM; tÞ and hence toðRÞ ¼ 0 by Prinzis [21, Proposition 2.2, p. 29]. On the
other hand, tðPÞ ¼ þN so that MP is still a IIN-factor. Since sðNÞ ¼ f0g; we have
SNðrÞ ¼ 0 for any r40 and Theorem 3 implies that NAM1rðMP; tPÞ is a ﬁnite sum of
commutators of the form ½A; B ¼ AB  BA with AAM1rðM; tÞ and BAM: It follows
that toðNÞ ¼ 0 and hence toðTÞ ¼ toðNÞ þ toðRÞ ¼ 0: &
As a corollary, we get that toðTÞ ¼ 0 for any TAL1;NðM; tÞ such that 0 is isolated
in sðTÞ: For instance, toðTÞ ¼ 0 if TAL1;NðM; tÞ is quasi-nilpotent or has ﬁnite
spectrum.
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